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This Ph.D. thesis is aimed at analyzing vehicle dynamics in presence of an
electronically controlled limited-slip differential and at developing advanced
control strategies for the limited-slip differential of sports cars, in order to
improve performance, stability and safety. A critical review of the concept
of understeer-oversteer for vehicles with locked differential is first presented.
The steady-state directional behaviour of rear-wheel drive vehicles fitted
with locked differential is theoretically analyzed. Furthermore, the problem
of describing the understeer-oversteer behaviour of a general vehicle is ad-
dressed taking a fresh perspective, since the new concept of handling surface
and a new definition of understeer gradient are presented, this latter being
the gradient of the handling surface. The problem of controlling vehicle
dynamics by means of electronically controlled limited-slip differentials is
then approached. The main handling control problems for sports cars fitted
with controlled limited-slip differential are analyzed in detail. An advanced
control strategy, developed for the rear electronically controlled limited-slip
differential of F1 race cars, is also described.
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Sintesi in Italiano –
Summary in Italian
Dinamica dei veicoli con differenziale a slittamento
controllato
Questa tesi di Dottorato di Ricerca ha due obiettivi principali. Il primo e`
lo studio analitico e sperimentale del comportamento direzionale dei veicoli
dotati di differenziale a slittamento controllato, detto anche differenziale
semi attivo. Il secondo e` lo sviluppo di strategie di controllo avanzate per il
differenziale a slittamento controllato di vetture sportive, per migliorarne il
comportamento direzionale e la stabilita` di marcia in condizioni di guida al
limite.
All’opposto dei differenziali ordinari, i differenziali autobloccanti sono in
grado di ripartire in modo asimmetrico la coppia del motore tra le ruote
motrici. Oltre a cio`, i differenziali a slittamento controllato sono dotati di
servo meccanismi, i quali sono in grado di modificare il rapporto tra le coppie
trasmesse alle ruote motrici secondo una logica di controllo che, istante per
istante, tiene conto delle condizioni operative del veicolo.
I differenziali autobloccanti e i differenziali a slittamento controllato in-
fluenzano fortemente la dinamica dei veicoli. Essi hanno effetti importanti
sul carattere sovra-sottosterzante e sulle capacita` di trazione e di frenatura.
La dinamica del veicolo, infatti, e` prevalentemente influenzata dalle forze
che la strada trasmette ai pneumatici. D’altra parte, le forze longitudi-
nali che agiscono sui pneumatici dipendono dalle condizioni di aderenza del
contatto ruota - terreno e dall’entita` delle coppie che i freni e il differen-
ziale applicano alle ruote. Di conseguenza, modificando l’entita` delle coppie
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trasmesse dai freni e dal differenziale, e` possibile influenzare la dinamica dei
veicoli.
Per tutte queste ragioni, l’impiego di differenziali a slittamento control-
lato su vetture sportive e da competizione puo` portare ad un miglioramento
delle prestazioni in curva. Controllando opportunamente il trasferimento
di coppia tra le ruote motrici, questi differenziali possono determinare un
miglioramento delle capacita` di trazione e di frenatura, della stabilita` e della
controllabilita` della vettura. I differenziali a slittamento controllato vengono
anche impiegati sulle vetture da F1. Lo sviluppo di strategie di controllo per
la gestione dei differenziali semi attivi rappresenta un obiettivo di primaria
importanza per tutte le scuderie in gara.
Gli studi classici di dinamica del veicolo si basano principalmente su mo-
delli di veicolo molto semplici, come il ben noto modello monotraccia. Questi
modelli, sebbene possano essere considerati rappresentativi per veicoli dotati
di differenziale ordinario, sono del tutto inadeguati per lo studio della dinam-
ica del veicolo in presenza di un differenziale autobloccante o a slittamento
controllato. In questi casi, infatti, e` necessario impiegare modelli matematici
di veicolo ben piu` sofisticati. Inoltre, e` necessario sviluppare nuove teorie
di riferimento, diverse da quella classica, che aiutino nell’interpretazione dei
risultati sperimentali e di quelli ottenuti da simulazione.
In particolare, il classico concetto di sovra-sottosterzo, che si basa sul
diagramma di maneggevolezza, e quindi sulla teoria del modello monotrac-
cia, deve essere rivisitato criticamente e riformulato per veicoli dotati di
differenziale autobloccante o a slittamento controllato.
Questa tesi raccoglie i principali risultati dell’attivita` di studio portata
avanti nei tre anni di Dottorato di Ricerca. Alcuni di questi risultati sono
stati presentati in due articoli. Il primo e` stato pubblicato sulla rivista
internazionale Vehicle System Dynamics, mentre il secondo e` stato recente-
mente accettato per la pubblicazione in questa stessa rivista. La prima parte
della tesi, quindi, presenta i contenuti di questi articoli, assieme a successivi
sviluppi ed elaborazioni.
Entrambi gli articoli riportano i risultati di una rivisitazione critica del
concetto di sovra-sottosterzo per veicoli dotati di differenziale bloccato. Il
primo articolo ([11]) presenta un’analisi teorica del comportamento direzio-
nale a regime dei veicoli a trazione posteriore dotati di differenziale bloccato.
Il secondo articolo ([12]) presenta una generalizzazione della teoria esposta
nel primo articolo. Infatti, in esso viene introdotto uno strumento innovativo
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per la caratterizzazione completa del comportamento direzionale a regime di
un qualsiasi veicolo, la superficie di maneggevolezza, che va a rimpiazzare
il classico diagramma di maneggevolezza. Inoltre, l’articolo propone una
nuova definizione di gradiente di sottosterzo che, a differenza di quello clas-
sico, e` un vettore e non uno scalare. I nuovi concetti introdotti rappresentano
una generalizzazione di quelli classici, che si basano sulla teoria del modello
monotraccia.
Entrambi gli articoli prendono in esame il caso di un veicolo dotato di
differenziale bloccato. Sicuramente, questa e` una condizione di funziona-
mento molto particolare per un differenziale autobloccante o a slittamento
controllato. E` comunque una condizione molto significativa, poiche´ in curva
il differenziale di una vettura da F1 viene tenuto bloccato per buona parte
del tempo.
L’argomento del controllo della dinamica del veicolo per mezzo di dif-
ferenziali a slittamento controllato e` affrontato nella seconda parte della
tesi.
Prima di tutto, viene descritto un modello matematico di veicolo, in
grado di rappresentare il comportamento di una vettura a trazione posteriore
dotata di differenziale a slittamento controllato sia in condizioni di moto
stazionario che in condizioni di transitorio dinamico, quali manovre di tiro,
di rilascio e di frenata.
Successivamente, vengono analizzate in dettaglio le principali influenze
di un differenziale a slittamento controllato sul comportamento dinamico di
vetture sportive. In particolare, vengono considerati gli effetti sulle capacita`
di trazione e di frenatura, sul comportamento sovra-sottosterzante e sulla
stabilita` di marcia. L’analisi viene corredata con la descrizione dei risultati
di simulazioni di manovre dinamiche, considerate significative.
Infine, vengono descritti i risultati di un’attivita` di ricerca portata avanti
in collaborazione con Ferrari S.p.a., con l’obiettivo di definire una strategia di
controllo innovativa per il differenziale a slittamento controllato di vetture
da F1. Data la natura strettamente riservata della ricerca e l’importanza
strategica dei suoi risultati, la logica di controllo sviluppata viene qui de-
scritta solamente in modo qualitativo. Preme, pero`, sottolineare che questa
strategia di controllo e` stata implementata in vettura e che sono state effet-
tuate prove su pista, ottenendo risultati soddisfacenti.

Introduction to the thesis
This Ph.D. thesis has two main goals. The first one is the analytical and
experimental study of the cornering behaviour of vehicles fitted with an
electronically controlled limited-slip differential, also called semi-active dif-
ferential. The second one is the development of advanced control strategies,
to be applied to the electronically controlled limited-slip differential of sports
cars, in order to optimize both handling and stability under severe driving
conditions.
Unlike the open or free differential, limited-slip differentials are able to
split the torque from the engine to the driving wheels in an asymmetric way.
Furthermore, electronically controlled limited-slip differentials are fitted with
servo mechanisms, which are able to modify the ratio between the torques
delivered to the driving wheels, according to a control logic and depending
on the actual working condition of the vehicle.
Limited-slip differentials have major effects on vehicle dynamics, since
they play an important role in determining the understeer-oversteer be-
haviour. Moreover, they affect traction and braking capabilities, possibly
leading to substantial improvements.
The dynamic behaviour of vehicles is in fact mainly influenced by the
forces which the road applies to the tyres. On the other hand, longitudinal
tyre forces depend on adherence conditions and on torques which the brake
system and the differential deliver to the tyres. Therefore, by changing the
magnitude of the torques from brakes and from the differential, it is possible
to affect vehicle dynamics.
For these reasons, electronically controlled limited-slip differentials repre-
sent devices which can be usefully adopted to improve performance of sports
cars during corners. By suitably controlling the torque transfer between the
driving wheels, such differentials can enhance traction and braking capa-
bilities, stability and controllability. Electronically controlled limited-slip
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differentials are also commonly employed in F1 race cars. The development
of control strategies for their management is a goal of great importance for
all teams involved in competitions.
Vehicle dynamics is classically analysed by means of very simple vehicle
models, such as the well known single track model. Such models can properly
represent the dynamic behaviour of vehicles fitted with open differential, but
they are completely inadequate for vehicles fitted with a locked or limited-
slip differential. In these cases, more sophisticated vehicle models must be
employed. Furthermore, a new reference theory, different from the classical
one, should be developed in order to deeply understand both experimental
and simulated results.
In particular, the classical concept of understeer-oversteer, which is based
on the handling diagram, and hence on the single track model theory, should
be critically reviewed and reformulated for vehicles with non-free differential.
Moving from these considerations, this thesis collects the main results of
the study carried out during the three years of the Ph.D. research activity.
Some of these results have been presented in two papers. The first one has
been published in the journal Vehicle System Dynamics, while the second
one has been accepted for publication in the same journal. Therefore, the
first part of the thesis presents the contents of these papers, along with
subsequent revisions and further developments.
In both papers, results of a critical review of the concept of understeer-
oversteer for vehicles with locked differential are discussed. The first paper
([11]) presents a theoretical analysis of the steady-state cornering behaviour
of rear-wheel drive vehicles fitted with locked differential. The second paper
([12]) represents the generalization of the theory presented in the first paper.
It introduces a quite innovative and useful tool for the complete character-
ization of the steady-state directional behaviour of any kind of vehicle, the
handling surface, which should replace the well known handling diagram.
It also proposes a new definition of understeer gradient, which is a vector,
unlike the classical understeer gradient, which is a scalar. The new concepts
here introduced generalize the classical ones, which are based on the theory
of the single track model.
Both papers refer specifically to vehicles fitted with locked differential,
which represents a quite particular operation mode of a limited-slip differ-
ential. However, this is a significant condition, since it frequently occurs for
race cars during corners.
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The problem concerning the active control of vehicle dynamics by means
of limited-slip differentials is approached in the second part of the thesis.
A vehicle model is first introduced, which is able to represent the dy-
namic behaviour of a rear-wheel drive vehicle fitted with an electronically
controlled limited-slip differential under both steady-state and transient con-
ditions (power-on, power-off and braking manoeuvres).
The most important effects of electronically controlled limited-slip differ-
entials on the dynamic behaviour of sports cars are then analyzed in detail.
Traction and braking performance, understeer-oversteer characteristics and
stability aspects are investigated also by means of simulations.
Finally, results of a research activity carried out in cooperation with
Ferrari S.p.a. are presented. The aim of this activity was the development
of an advanced control strategy, to be applied to the rear electronically
controlled limited-slip differential of a F1 race car, in order to optimize
handling performance. Owing to their strictly confidential nature and their
strategic importance for Ferrari race team, results are here discussed only in
a qualitative way.
The structure of the thesis is organized as follows.
In Chapter 1, after having summarized the main aspects of the classical
theory of the single track vehicle model, the analysis of the steady-state di-
rectional behaviour of rear-wheel drive vehicles fitted with locked differential
is presented.
Chapter 2 describes the theory of the handling surface.
Chapter 3 presents the theory of the two handling surfaces. This analysis
represents a further development of that described in Chapter 2.
Chapter 4 introduces the vehicle model with electronically controlled
limited-slip differential, which has been developed for the analysis of vehicle
dynamics under both steady-state and transient conditions.
Chapter 5 presents the analysis of the main handling control problems for
rear-wheel drive sports cars fitted with electronically controlled limited-slip
differential and describes the control strategy developed for the limited-slip
differential of Ferrari F1 race cars.







The single track model theory is typically employed for the analysis of vehi-
cle dynamics. Even though such a theory is based on a very simple vehicle
model, it has been largely used to understand and foresee the dynamic be-
haviour of real vehicles ([34, 8, 15, 30, 16]).
In the classical single track model, a rear-wheel drive vehicle fitted with
an open differential and moving at constant longitudinal speed is considered.
Due to the open differential, traction forces acting on the rear tyres are
always equal. Moreover, owing to some strong assumptions, the slip angles
of the tyres belonging to the same axle are assumed equal and longitudinal
slips are neglected. According to these hypotheses, a relationship between
the whole side force and the slip angle of each axle can be found, leading to
a model fitted with only two equivalent tyres.
One of the most relevant results of this approach is that a single handling
curve, the so-called handling diagram, only depending upon the constructive
parameters, describes completely the steady-state cornering behaviour of the
vehicle. The slope of such a curve represents the understeer gradient, which
is a measure of the degree of understeer-oversteer to be associated to each
level of lateral acceleration, and therefore to each steady-state cornering
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condition. Moreover, this diagram can supply some relevant information
about the stability of the equilibrium states, showing the regions of stable
and unstable motion.
The main properties of the handling diagram were first discussed in [34].
The handling diagram can be easily obtained by means of experimental
ground tests and is often employed for the experimental assessment of vehicle
dynamics ([20, 15]).
However it is, perhaps too often, not sufficiently appreciated that some
of its properties heavily rely on the hypotheses behind the classical single
track model. Indeed, it will be shown that, although this model can be pro-
perly used to characterize the cornering behaviour of vehicles endowed with
open differential, it becomes completely inadequate for vehicles fitted with
locked differential. In fact, when a vehicle with locked differential negotiates
a corner, the driving wheels are forced to rotate at the same angular velocity
and longitudinal slips become not negligible, considerably influencing vehicle
dynamics. In order to analyse these effects, it is necessary to formulate a
four-wheel model and take into account both the lateral and longitudinal
slips of each tyre. Moreover, for a vehicle fitted with a locked differential,
during a corner tractive forces acting on the driving wheels may be differ-
ent. That provides a yaw moment which strongly affects the directional
behaviour.
The effect of locked differentials and limited-slip differentials, both con-
ventional self-locking and actively controlled, on vehicle dynamics has been
largely described by many authors ([1, 17, 27, 26, 25, 29, 33, 18]). The influ-
ence of the distribution of longitudinal tyre forces, caused by such devices,
on traction and braking capabilities and directional behaviour has been in-
vestigated by means of both numerical simulations and experimental ground
tests.
Moreover, Abe described in [1], by means of an approximate analytical
method, the effect of locked differentials on the cornering behaviour in ac-
celeration and in braking. Results were compared with those obtained by
means of numerical simulations, showing a good agreement.
Nowadays, electronically-controlled limited-slip differentials, as well as
steering and traction control systems, may lead to substantial improvements
of performance, stability and manoeuvrability during corners ([26, 25, 40,
33, 37, 2, 18, 13, 31, 32]).
However, in order to deeply understand the effect of these devices on ve-
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hicle dynamics, the development of a reference theory seems to be necessary.
Such a theory, which appears not to have been sufficiently developed yet,
should have the same role the classical single track model theory has with
respect to vehicles fitted with open differential; that means it should be the
analytical basis for the comprehension of vehicle dynamics when a locked or
limited-slip differential is employed. According to a well-established tradi-
tion in vehicle dynamics studies, it seems profitable to continue to charac-
terize the cornering behaviour of vehicles by means of some typical tools and
concepts, such as the handling diagram and the understeer gradient, which
are largely used in the single track model theory, even though, as it will be
shown, a critical review of both of them is necessary.
In order to have a clear and general picture of the problems involved, it
may be convenient to develop simple vehicle models, having few degrees of
freedom, but being able to represent the most important characteristics of
the motion all the same. In this study we deal with vehicles fitted with a
locked differential, which represents a very particular operation mode of a
limited-slip differential, but is also the easiest condition to deal with. How-
ever, this is a significant condition, since it frequently occurs for race cars
during corners.
An approximate theoretical analysis of the effect of a non-free differential
on vehicle dynamics is given in [8]; however, in that work the effects of
combined slip operation of tyres are not considered and the vehicle steady-
state behaviour is not investigated in detail. An experimental investigation of
the dynamic behaviour of a rear-wheel drive vehicle with locked differential
was given in [10], while preliminary theoretical models for analysing the
dynamics of such a vehicle were presented in [3, 4]. The effects on the
handling diagram of the yaw moment, arising from the difference between
the rear longitudinal forces, were investigated in those papers; in addition,
the handling diagram was shown to depend on the motion parameters, and
not only on the vehicle features.
In the present study a general theoretical analysis of the steady-state cor-
nering behaviour of rear-wheel drive vehicles fitted with locked differential
is proposed. A detailed description of tyre kinematics under combined slip
conditions is first developed. Two vehicle models are then defined, having
linear and non linear tyre properties respectively. Such models are deliber-
ately simple. However, they allow to catch the basic aspects of the dynamics
of vehicles fitted with locked differential and to perform a theoretical and
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systematic approach to the topic.
The steady-state cornering behaviour is then investigated and the han-
dling diagrams are obtained in several manoeuvres. For the model with linear
tyres, analytical expressions of the understeer gradient are also obtained. As
opposite to the classical definition, the handling diagram is shown not to be
unique.
Results clearly show the inadequacy of the classical single track model
to characterize the cornering behaviour of vehicles with locked differential.
They also suggest a more critical and careful use of some typical tools and
concepts, such as the handling diagram or the understeer gradient. More-
over, the approach here proposed may represent the basis of a new reference
theory, to be added to the classical single track model theory for the analysis
of vehicle dynamics when a locked differential is employed.
The analysis, which is presented in this chapter, has been recently pub-
lished in [11].
1.2 Classical results
The classical single track vehicle model is the most popular mathematical
model for the analysis of the directional behaviour of vehicles. Its properties
have been largely described in the scientific literature ([34, 8, 15, 30, 16]).
However, it seems convenient to summarize briefly the main characteristics
of such model, in order to understand the results of the studies presented in
this thesis.
1.2.1 The single track vehicle model
The single track vehicle model refers to a rear-wheel drive vehicle fitted with
an open differential. As shown in Fig. 1.1, the vehicle model is represented
as a rigid body fitted with only two equivalent tyres, which simulate the
behaviour of the front and rear axles. The motion of the vehicle is plane and
parallel to the road, which is assumed to be horizontal and perfectly even.
It is common practice to define a reference frame (x, y, z;G) attached to the
vehicle, whose origin coincides with the centre of mass G and whose versors
are (i, j,k). Axes i and j are parallel to the road. The direction of axis i
coincides with the forward direction of the vehicle, while axis j is orthogonal
to that direction. Axis k is orthogonal to the road and points upwards.

































Figure 1.1: The classical single track vehicle model.
The model has three state variables: the longitudinal speed u, the lateral
speed v and the yaw rate r. The speeds u and v are the longitudinal and
lateral components of the absolute speed VG of the centre of mass G
VG = u i+ v j. (1.1)
Under normal driving conditions the following relation holds: uÀ |v|. The
yaw rate r is the only component of the angular velocity Ω of the vehicle:
Ω = r k.








In Fig. 1.1, a1 and a2 are the longitudinal distances between the centre
of mass G and each axle, l = a1 + a2 is the wheelbase, δ is the front steer
angle, which is assumed to be small, i.e. δ ≤ 15◦.
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The front and rear slip angles are defined as
α1 = δ − v + ra1
u
,




The variable R = u/r represents the distance between the instantaneous
centre of rotation C of the vehicle and the longitudinal vehicle axis. In
steady-state conditions (i.e., u˙ = v˙ = r˙ = 0) R is also the turning radius.
The following important kinematic relation holds
δ − l
R
= α1 − α2. (1.4)
The quantity l/R is the so-called Ackermann steer angle. It represents the
steer angle which is necessary to negotiate a corner with a constant turning
radius equal to R, when slip angles α1 and α2 are equal to zero.




= (u˙− vr) i+ (v˙ + ur)j = ax i+ ay j, (1.5)
where ax = (u˙ − vr) and ay = (v˙ + ur) are the longitudinal and lateral
accelerations, respectively.
In order to characterize the steady-state directional behaviour of vehicles,
in which u˙ = v˙ = r˙ = 0, it is important to define the steady-state lateral
acceleration




In Fig. 1.1, forces Fy1 and Fy2 are the lateral forces acting on the front
and rear equivalent tyres, respectively, while Fx2 is the rear longitudinal
force. No longitudinal force acts on the front tyre, since a rear-wheel drive
vehicle is here considered and the rolling resistance is neglected. The self
aligning torques on tyres are also neglected.
Finally, the equilibrium equations for the vehicle model are
m(u˙− vr) = Fx2 − Fy1δ − Fa,
m(v˙ + ur) = Fy1 + Fy2 ,
Jr˙ = Fy1a1 − Fy2a2,
(1.7)
where m is the vehicle mass and J is the vehicle yaw moment of inertia with
respect to the vertical axis k passing through the centre of mass G. The
force Fa is the longitudinal component of the aerodynamic drag force.
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1.2.2 The handling diagram for the single track vehicle model
In the single track model theory, longitudinal slips are all neglected. More-
over, a non linear relationship between the whole lateral force and the slip
angle of each axle can be found, leading to constitutive equations in the form
([34, 16])
Fy1 = Fy1(α1), Fy2 = Fy2(α2). (1.8)
The above relations represent the cornering characteristics of the front and
rear axles, respectively.
Let us introduce the constants W1 and W2, which represent the static








where g is the acceleration of gravity.
Under steady-state cornering conditions, starting from equations (1.7)
















[δ − (α1 − α2)] . (1.11)
Equations (1.10) and (1.11) define completely all the possible steady-
state cornering conditions of the vehicle. Equation (1.10) represents a curve
on the plane (a˜y/g, α1−α2), which depends only on the constructive param-
eters of the vehicle (curve passing through the origin in Fig. 1.2). Equation
(1.11) represents a straight line on the same plane, which depends on the two
parameters u and δ (straight line on the left in Fig. 1.2). Once the values
of these parameters have been assigned, the intersection point between the
line and the curve represents the corresponding equilibrium condition of the
vehicle in the cornering manoeuvre defined by the actual values of u and δ
(point P in Fig. 1.2). The curve described by equation (1.10) represents the
handling curve.1
1In this brief summary of the single track model theory, only the main branch of
the handling curve is examined. Such branch is obtained considering both the cornering
characteristics Fy1(α1) and Fy2(α2) in correspondence to their increasing parts. Therefore,
this is the branch of the handling curve which has the greatest practical relevance.

















Figure 1.2: The handling diagram for the classical single track vehicle model.
Therefore, it has been demonstrated that, for the single track vehicle
model, the difference between the front and rear slip angles (α1−α2) depends
only on the steady-state lateral acceleration a˜y (see Fig. 1.2).
Two particular slip angles α1p and α2p correspond to a given equilibrium
condition P . Moreover, the corresponding value of the ratio l/Rp can be
obtained on the basis of equation (1.4). In Fig. 1.2, it is possible to use an
auxiliary straight line, parallel to the line (1.11) and passing through the
origin, and thus obtain the value of l/Rp on the rightwards axis.
According to [20], at each equilibrium condition the understeer gradient











(α1 − α2) . (1.12)
Therefore, the understeer gradient K represents the slope of the handling
curve at each equilibrium condition P .
The understeer-oversteer characteristics of the vehicle at each steady-
state cornering condition P are defined as follows:
- understeer if K > 0;
- neutral if K = 0;
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- oversteer if K < 0.












which represent the slopes of the cornering characteristics of the front and
rear axles, evaluated at the slip angles α1p and α2p which correspond to a























Summing up, for the classical single track vehicle model the handling
diagram depends only upon the constructive features of the vehicle. Ac-
cordingly, the understeer gradient depends only on the steady-state lateral
acceleration a˜y, and therefore on the steady-state cornering condition (point
P in Fig. 1.2). Therefore, the handling diagram and the understeer-oversteer
characteristics do not depend on the particular manoeuvre performed. As
it will be demonstrated, these results are valid only for the very particular
single track model since, in general, there is a strong dependence on the
manoeuvre.
1.3 Model of a vehicle with locked differential
A rear-wheel drive vehicle fitted with a locked differential is now considered.
As shown in Fig. 1.3, also in this case the motion of the vehicle is assumed
to be plane and parallel to the road, which is horizontal and perfectly even.
Therefore, the model has three state variables: the longitudinal speed u, the
lateral speed v and the yaw rate r, which have the same meanings of the
state variables u, v and r introduced for the single track vehicle model. The
reference frame attached to the vehicle, whose versors are (i, j,k), is also the
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same for this vehicle model and the single track model. Therefore, also in
this case the following relations hold




= (u˙− vr) i+ (v˙ + ur)j = ax i+ ayj,
where VG and aG are the speed and the acceleration of the centre of mass
G, respectively, ax is the longitudinal acceleration and ay is the lateral ac-
celeration. The yaw rate r is the only component of the angular velocity of
the vehicle Ω, as in the single track model: Ω = r k.
The meanings of the symbols in Fig. 1.3 and 1.5 are as follows. Some
of them have been already introduced in the preceding section for the single
track vehicle model. The parameters a1 and a2 are the longitudinal distances
between the centre of mass G and each axle, l = a1+ a2 is the wheelbase, t1
and t2 indicate the front and rear tracks, respectively, δ is the steer angle of
the front wheels. Small steer angles are assumed, i.e. δ ≤ 15◦, thus allowing
for the following approximations: sin δ ' δ, cos δ ' 1. As a consequence, left
and right steer angles are assumed to be almost equal. Moreover, there is
no steering in the rear wheels. The distance h is the height of the centre of
mass, while d1, d2 and d are the heights of the roll axis measured respectively
at the front axle, at the rear axle and at the centre of mass.
As opposite to the single track model, for a vehicle fitted with a locked
differential there is the need to define a model with four wheels. In Fig. 1.3
the wheels of the vehicle are identified by means of the indices ij: the index
i refers to the axle (1: front; 2: rear), while the index j refers to the side (1:
left; 2: right). As a consequence, longitudinal and lateral forces acting on
the tyres are respectively named Fxij and Fyij . No longitudinal force acts
on the front tyres, since the rolling resistance is neglected. The self aligning
torques on all tyres are also neglected. The force Fa = ρSCxu2/2 is the
longitudinal component of the aerodynamic drag force, where ρ is the air
density, S is the frontal area of the vehicle and Cx is the aerodynamic drag
coefficient. The effects of the aerodynamic forces on the lateral and yaw
equilibrium equations are neglected.
In the following paragraphs, the vehicle model will be defined by means
of four sets of equations: the equilibrium equations, the congruence equa-
tions (tyre theoretical slips), the constitutive equations (tyre model) and the
equations describing the vertical load acting on each tyre.










































Figure 1.3: Kinematics and force definition of the vehicle model with locked
differential.
1.3.1 Equilibrium equations
Owing to all these hypotheses, the equilibrium equations of the vehicle are
given by (Fig. 1.3)

m(u˙− vr) = −(Fy11 + Fy12)δ + (Fx21 + Fx22)− Fa,
m(v˙ + ur) = (Fy11 + Fy12) + (Fy21 + Fy22),
J r˙ = (Fy11 + Fy12)a1 − (Fy21 + Fy22)a2 + (Fx22 − Fx21)
t2
2
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where m and J are the vehicle mass and yaw moment of inertia with respect
to the vertical axis k passing through the centre of mass G.
As it is common practice in classical vehicle dynamics ([8, 15, 30, 16]),
it is possible to neglect the last term (Fy11 − Fy12)t1δ/2. Therefore the
equilibrium equations (1.16) become
m(u˙− vr) = Fx2 − Fy1δ − Fa,
m(v˙ + ur) = Fy1 + Fy2 ,
J r˙ = Fy1a1 − Fy2a2 +Mz2 ,
(1.17)
where
Fx2 = Fx21 + Fx22 , Fy1 = Fy11 + Fy12 , Fy2 = Fy21 + Fy22 , (1.18)
and




Having a locked differential requires the rear traction forces to be possibly
different: Fx21 6= Fx22 . Therefore, also the yaw moment Mz2 appears in the
yaw equilibrium equation. This is the only, but quite relevant, difference
between equations (1.17) and the equilibrium equations (1.7) of the classical
single track model.
As shown by many authors ([1, 17, 26, 25, 29, 33, 18, 10, 3, 4]) and by
real applications for both commercial and sports cars, such a moment Mz2
strongly affects the cornering behaviour of vehicles. In the following sections,
this aspect will be analyzed and discussed by means of a theoretical and
systematic study.
1.3.2 Congruence equations: tyre theoretical slips
In order to analyze the effects of the tyre longitudinal slips on the steady-
state cornering behaviour, a detailed theoretical description of the tyre kine-
matics in combined slip conditions is necessary. Let σxij and σyij be the
longitudinal and lateral component of the theoretical slip σij (see e.g. [35])
of the tyre identified by the indices ij. Assuming a planar motion of the
vehicle and small δ, these components are given by
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• lateral theoretical slips:
σy11 =
















In the above equations Ωij is the angular velocity of the generic tyre rim (see
Fig. 1.4), while R1 and R2 are the front and rear tyre rolling radii, which
are assumed to be constant, thus neglecting their weak dependence on the
vertical load.
It may be convenient to set
ΩijRi
u
= 1 + χij , (1.22)
which defines the non-dimensional quantities χij .
Considering that under normal driving conditions the following relations
hold






¿ 1, |v ± rai|
u
¿ 1, |δ| ¿ 1,
(1.23)
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where α1 and α2 are the slip angles of the front and rear axle (see Fig. 1.3
where, as usual, α11 ' α12 ' α1 and α21 ' α22 ' α2). Equations (1.24) are
linear relationships between the longitudinal and lateral slips of each tyre
and v, r, δ and χij . They also show that χij do not affect the linearized
lateral slips.
For a rear-wheel drive vehicle with locked differential, the angular veloc-
ities of the rear rims are the same (Ω21 = Ω22 = Ω2) and hence, according
to (1.22), χ21 = χ22 = χ. Moreover, the front tyre longitudinal slips σx11
and σx12 are equal to zero, which means χ12 = −χ11 = rt1/(2u).
1.3.3 Constitutive equations: tyre model
We have now to relate the tangential forces acting on each tyre to the cor-
responding theoretical slip; to keep the analysis as simple as possible, an
isotropic tyre behaviour is assumed, as described in [35].
The forces acting on the generic tyre are shown in Fig. 1.4. In this figure,
axes iw and jw lie on the road, which has been assumed to be perfectly even,
while axis kw is orthogonal to the road. Assuming zero camber, the plane
(iw,kw) coincides with the plane of the wheel. Let Ft and Fz represent the
total tangential force and the vertical load, respectively. The vector Ft lies
on the road and has two components: the longitudinal force Fx and the
lateral force Fy. Neglecting any camber effect, the constitutive equation can




where Ft is the magnitude of the total tangential force Ft, σ is the magnitude
of the theoretical slip σ and ∆Fz represents the vertical load variation with
















Figure 1.4: Forces acting on the generic tyre.




Ft(σ,∆Fz), Fy = −σy
σ
Ft(σ,∆Fz), (1.26)
where σx and σy are the longitudinal and lateral slip components.
It is customary to employ the Magic Formula ([36]) for the definition of
Ft(σ,∆Fz)
Ft(σ,∆Fz) = Df sin
(
Cf arctan(Bfσ −Ef [Bfσ − arctan(Bfσ)])
)
, (1.27)
where Cf and Ef are suitable constants, while, as usual
Df = µFz = (q1Fz + q2)Fz =
[



















do depend on ∆Fz, with q1 < 0, q2 > 0, q3 > 0, q4 > 0. The first relation
shows that the friction coefficient µ decreases with respect to the vertical
load Fz, while the second relation shows that the tyre stiffness BfCfDf
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increases with respect to Fz if Fz < q4, and then lightly decreases as soon as
Fz > q4.
If a non-linear response of the tyre is considered, that is whenever large
slip values are expected, the relationship (1.27) will be employed. However,
if small tyre slips and small vertical load variations are assumed, it is possible
to take only a few terms in the power series expansion of equation (1.27)
around the point (σ = 0, ∆Fz = 0), obtaining the following expression















= 0 + C0σ + 0 + k∆Fzσ = (C0 + k∆Fz)σ.
(1.30)
In the above equation C0 = ∂Ft∂σ
∣∣
0,0
is the tyre stiffness at (σ = 0, ∆Fz = 0),





. Note that, if camber is considered to be negligible,
all the other second derivatives in equation (1.30) are zero.
According to equation (1.30), the total tangential force Ft is assumed
to be a linear function of the theoretical slip σ, but with the tyre stiffness
linearly dependent on the vertical load variation ∆Fz.
1.3.4 Vertical load on each tyre
There is now the need to evaluate the vertical loads acting on the four wheels
of the vehicle. Under steady-state cornering conditions (i.e., u˙ = v˙ = r˙ = 0)
it is reasonable to assume that the vertical load variation of each tyre is only
due to the lateral load transfer.
For a vehicle with a locked differential, the steady-state lateral load trans-
fer of each axle must be related not only to the steady-state lateral accel-
eration a˜y = ur, as it is common practice in classical vehicle dynamics, but
also to the yaw moment Mz2 (an aspect apparently first discussed in [11]).
In fact, by solving the last two equations in (1.17) for Fy1 and Fy2 under













According to Fig. 1.5, let us introduce the constants kφ1 , kφ2 and kφ, which
are respectively the equivalent front axle, rear axle and vehicle roll stiffnesses

































Figure 1.5: Equilibrium conditions about the roll axis.
(kφ = kφ1 + kφ2). The equilibrium equation about the roll axis (Fig. 1.5) for
the sprung mass is given by
ma˜y(h− d)− kφφ = 0. (1.32)






Finally, the equilibrium equations about the roll axis for the front and rear
axles hold
Fy1d1 −∆Fz1t1 + kφ1φ = 0, (1.34)
Fy2d2 −∆Fz2t2 + kφ2φ = 0. (1.35)
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From the above equations, the following expressions for the lateral load
transfers can be obtained
∆Fz1 = mB1a˜y −
Mz2
lt1
d1 = mB1a˜y − Fx22 − Fx212lt1 t2d1,
∆Fz2 = mB2a˜y +
Mz2
lt2






























Note that some lateral load transfers may occur even at zero lateral
acceleration, owing to the presence of the yaw momentMz2 . As shown in the
following sections, this is exactly what happens in manoeuvres with constant
steer angle or with constant turning radius, in which the yaw moment Mz2
is not zero even when the lateral acceleration a˜y tends to zero.
Finally, the vertical loads acting on the four tyres are
Fz11 = F
0
z11 −∆Fz1 , Fz12 = F 0z12 +∆Fz1 ,
Fz21 = F
0
z21 −∆Fz2 , Fz22 = F 0z22 +∆Fz2 .
(1.38)
The static loads F 0zij are assumed to be constant:











where g is the acceleration of gravity.
1.4 Vehicle model with linear tyre behaviour
In this section, a vehicle model with linear tyre behaviour is presented and
discussed. The model is based on equilibrium equations (1.17), on linearized
slips (1.24), on linearized constitutive equations (1.30) and on load transfers
(1.36). Steady-state cornering conditions are considered in order to inves-
tigate the effects of the locked differential on the handling diagram and on
the understeer gradient.
Some relevant effects of several types of limited-slip differentials on the
steady-state cornering behaviour of vehicles have been already described in
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the technical literature ([17, 26, 25, 29, 18]). However, most authors have
focused their attention on the influence of the constructive features of the
differential on the cornering behaviour, without emphasizing the dependence
of the handling diagram and the understeer gradient on the manoeuvre itself.
In the following paragraphs a more general and systematic theoretical
analysis of such a problem is proposed. Results for a more realistic vehicle
model with non linear tyres will be presented in section 1.5.
1.4.1 Forces acting on the axles and yaw moment
According to equations (1.24), the lateral slips of the tyres belonging to
the same axle can be considered equal. Therefore, the effects of the lateral
load transfers ∆Fz1 and ∆Fz2 cancel each other and do not appear on the
expressions of the axle lateral forces defined in (1.18)

















On the contrary, the rear tyres do not have the same longitudinal slips
and it is therefore necessary to consider the effect of the rear lateral load
transfer ∆Fz2 on the axle (total) longitudinal force Fx2 . Owing to the de-
pendence of the load transfer ∆Fz2 on the yaw moment Mz2 , traction forces
acting on the rear wheels can be obtained by solving the following algebraic
linear system


























































Hence the rear longitudinal force Fx2 and the yaw momentMz2 are given by
Fx2 = Fx21 + Fx22
=
C02d2k2r
2t22 − 2B2k2lmt2u2r2 + (4C02 lu2 − 4C02d2k2u2χ)χ
2u2(l − d2k2χ) , (1.43)





2u2(l − d2k2χ) . (1.44)
Finally, let R = u/r = u2/a˜y be the distance between the instantaneous
centre of rotation of the vehicle and the longitudinal vehicle axis. Note
that in steady-state conditions R is also the turning radius. Considering
that under normal driving conditions |χ| ¿ 1 and |r|tiu ¿ 1, the following
approximate expressions for the rear longitudinal force Fx2 and the yaw
moment Mz2 can be obtained

















where A = −C02 t22/2 and C = k2B2mt2. It is worth noting that the yaw mo-
ment Mz2 not only depends on the steady-state lateral acceleration a˜y, but
also on other variables defining the vehicle motion, such as the longitudinal
speed u, the variable χ and the turning radius R.
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If the influence of the yaw momentMz2 on the lateral load transfers ∆Fz1
and ∆Fz2 is neglected in equations (1.36), we will find exactly the same
approximate expressions shown in (1.45) and (1.46) for the rear longitudinal
force Fx2 and the yaw momentMz2 itself. Hence, for the present model such
a dependence has almost no effect on the vehicle dynamics.
1.4.2 Steady-state cornering behaviour
The steady-state equations of motion can be obtained by substituting ex-
pressions (1.40), (1.45) and (1.46) in equations (1.17), with u˙ = v˙ = r˙ = 0









































which, in a more compact form, can be rewritten as
f1(u, v, r, δ, χ) = 0,
f2(u, v, r, δ, χ) = 0,
f3(u, v, r, δ, χ) = 0.
(1.48)
According to equations (1.47) or (1.48), five quantities fully describe the
vehicle motion. Two of them need to be assigned, while the other three can
be obtained by solving the algebraic equations (1.47). In some cases, it may
be convenient to use different variables, such as the lateral acceleration a˜y
or the turning radius R, by considering that a˜y = ur = u2/R = r2R.
The first equation in (1.47) can be solved with respect to χ, obtaining
the non linear relation
χ =














that shows that χ is strongly affected by the vehicle motion conditions.
Moreover, we see that even with linear tyres, the overall vehicle model is
non linear.
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In order to obtain analytical expressions of the understeer gradient, the
last two equations in (1.47) can be rewritten in the following form{
ma˜y = 2C01α1 + 2C
0
2α2,
0 = 2C01α1a1 − 2C02α2a2 +Mz2 ,
(1.50)
















Accordingly, we obtain the important result
δ − l
R







where G and F are constants given by


































and K0 is the understeer gradient of the classical single track vehicle model









For a compact rear-wheel drive passenger car, the following numerical values
were found: K0 = 0.00333 s2/m = 1.87 deg/g, G = −0.0163 s2/m and
F = 0.519 m. For the same car, under normal driving conditions, the term
Gχ is quite small.
Equation (1.52) shows that in a vehicle with a locked differential, the
difference α1 − α2 does not depend only on the lateral acceleration a˜y, but
also on other variables which characterize the vehicle motion, such as the
longitudinal speed u and the variable χ. This result has strong practical
relevance.
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As shown in the following sections by means of some classical manoeuvres
(with constant forward speed, with constant steer angle and with constant
turning radius), this aspect strongly affects the handling diagram and the











(α1 − α2). (1.55)
Manoeuvres with constant forward speed
In these manoeuvres the forward speed u is assigned and kept constant.
Some handling curves obtained in these manoeuvres for the very same vehicle
are shown in Fig. 1.6, while the plots of the variable χ(u, a˜y) and the yaw
moment Mz2(u, a˜y) are shown in Figures 1.7 and 1.8, respectively.
Quite remarkably, in Fig. 1.6 we no longer have a single handling curve,















u = 10 m/s
u = 20 m/s
u = 30 m/s
u = 40 m/s
Figure 1.6: Handling diagrams obtained with linear tyre behaviour in the
manoeuvres with constant forward speed.
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u = 10 m/s
u = 20 m/s
u = 30 m/s
u = 40 m/s
χ
Figure 1.7: Variable χ obtained with linear tyre behaviour in the manoeuvres
with constant forward speed.
different curve for each velocity.
The corresponding understeer gradientsKu can be directly obtained from























where the function χ(u, a˜y) is given by the solution (which can be obtained
employing some software for symbolic computation) of equations (1.47) with
respect to v, δ and χ, after having set r = a˜y/u.
We see that Ku is strongly affected by u and, particularly at low speeds,
it may be very different from K0. It is worth remarking that, with linear
tyres, the classical theory predicts a constant value K0 for the understeer
gradient.
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u = 10 m/s
u = 20 m/s
u = 30 m/s







Figure 1.8: Yaw moment Mz2 obtained with linear tyre behaviour in the
manoeuvres with constant forward speed.
Owing to the non linear dependence of χ on the forward speed u and
on the lateral acceleration a˜y, the understeer gradient does not decrease,
for increasing u, exactly with the square of the forward speed, although, in








According to equation (1.52), the difference between the slip angles goes
to zero if the lateral acceleration goes to zero
lim
a˜y→0
(α1 − α2) = lim
a˜y→0
(




a˜y = 0. (1.57)
As shown in Fig. 1.7, the variable χ(u, a˜y) is always less than 0.012,
confirming the assumption |χ| ¿ 1. Note that the curves of χ do not pass
through the origin if the forward speed is positive, even if the lateral accel-
eration goes to zero (which requires δ → 0).
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Manoeuvres with constant steer angle
The steer angle δ is assigned and kept constant. The handling diagrams and
the plots of the yaw moment Mz2(δ, a˜y) are shown in Figures 1.9 and 1.10,
respectively. Also in this case, the handling curve is not unique.
After having set r = a˜y/u, equations (1.47) can be symbolically solved for
the variables u(δ, a˜y), v(δ, a˜y) and χ(δ, a˜y). In order to analytically express










and therefore rewrite the term α1 − α2 in (1.52) in the following form
α1 − α2 = δ − l
R
=





















Figure 1.9: Handling diagrams obtained with linear tyre behaviour in the
manoeuvres with constant steer angle.
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Figure 1.10: Yaw moment Mz2 obtained with linear tyre behaviour in the
manoeuvres with constant steer angle.



















which, again, are not equal to K0.








equation (1.60) is quite small and the handling curves can be approximately
considered straight parallel lines.
According to equation (1.59), the difference between the slip angles does




(α1 − α2) = lim
a˜y→0
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Manoeuvres with constant turning radius
Finally, the turning radius R can be assigned and kept constant. The han-
dling diagrams and the yaw moment Mz2(R, a˜y) obtained are shown in Fig-
ures 1.11 and 1.12, respectively.
Equations (1.47) can be symbolically solved for the variables v(R, a˜y),
δ(R, a˜y) and χ(R, a˜y) after having set u =
√
a˜yR and r =
√
a˜y/R (for a
turn in the leftwards direction, in which r > 0). It is convenient to rewrite
α1 − α2 in (1.52) in the following new form
α1 − α2 = δ − l
R



















R = 15 m
R = 40 m
R = 60 m
R = 100 m
Figure 1.11: Handling diagrams obtained with linear tyre behaviour in the
manoeuvres with constant turning radius.
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R = 15 m
R = 40 m
R = 60 m
R = 100 m
Figure 1.12: Yaw moment Mz2 obtained with linear tyre behaviour in the





















(α1 − α2) = lim
a˜y→0
(








1.5 Vehicle model with non linear tyre behaviour
To investigate what happens in more realistic situations we have to consider
the fully non-linear tyre behaviour. This vehicle model is based on equi-
librium equations (1.17) and on linearized slips (1.24), like the former one,













u = 10 m/s
u = 20 m/s
u = 30 m/s
u = 40 m/s
Figure 1.13: Handling diagrams obtained with linear and non linear tyre
behaviour in the manoeuvres with constant forward speed.
but on the non linear constitutive equations (1.27). Therefore, the model is
completely and neatly defined.
Owing to the complexity of constitutive equations (1.27), only a numeri-
cal solution is now possible for the equations governing the vehicle dynamics.
All the other parameters defining the model are the same used for the model
with linear tyre behaviour and are typical of a compact rear-wheel drive
passenger car.
The present model was therefore used to simulate some manoeuvres with
constant forward speed, constant steer angle and constant turning radius.
The handling diagrams obtained are shown in Figures 1.13, 1.14 and 1.15,
where they are also compared with those previously presented for the vehicle
model with linear tyre behaviour.
The plots of the yaw moment Mz2 are presented in Figures 1.16, 1.17
and 1.18, again compared with those of the model with linear tyres.

















Figure 1.14: Handling diagrams obtained with linear and non linear tyre
behaviour in the manoeuvres with constant steer angle.
It can be noticed that in the manoeuvres with constant forward speed
the plots obtained with linear and non linear tyre behaviour have the same
asymptotic trend at small lateral accelerations.
On the contrary and quite interestingly, in the manoeuvres with constant
steer angle and constant turning radius the asymptotic trends for a˜y close to
zero are different. This phenomenon is more evident if the assigned steer an-
gle is high and, accordingly, the assigned turning radius is small. Therefore,
we have obtained the important result that, in case of locked differential,
linear tire models may be very inadequate even at very low levels of lateral
acceleration, a fact rarely acknowledged in the vehicle dynamics literature.
Actually, this phenomenon can be easily explained. In steady-state con-
ditions, if the lateral acceleration a˜y tends to zero, lateral forces acting on
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Figure 1.15: Handling diagrams obtained with linear and non linear tyre
behaviour in the manoeuvres with constant turning radius.
Moreover, according to the relation u = rR, the rear longitudinal slips can
be rewritten in the form σx21 = −[χ+ t2/(2R)] and σx22 = −[χ− t2/(2R)].
If the forward speed is kept constant, when the lateral acceleration is
close to zero the steer angle and the yaw moment Mz2 go to zero, while
the turning radius tends to infinity: the trajectory of the car is therefore
rectilinear. Owing to the rectilinear path of the car, the locked differential
has no effect on vehicle dynamics. Lateral forces tend to zero and hence the
lateral slips σyij go to zero. The rear longitudinal slips are also very small
since the traction forces only have to balance aerodynamic drag. Therefore,
in these conditions linear tyres are adeguate for the whole range of forward
speeds of the vehicle (Figures 1.13 and 1.16).
Vehicle conditions are completely different in the manoeuvres with con-
stant steer angle and constant turning radius. In fact, even if the lateral
acceleration tends to zero, the turning radius R is a finite quantity and
hence the trajectory of the vehicle is not rectilinear. As shown in Figures
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Figure 1.16: Yaw moment Mz2 obtained with linear and non linear tyre
behaviour in the manoeuvres with constant forward speed.
1.17 and 1.18, the yaw moment Mz2 is always negative (if δ > 0) at zero lat-
eral acceleration and its absolute value increases if the steer angle increases,
that is if the turning radius decreases.
The front lateral forces are positive, while the rear lateral forces are
(quite surprisingly) negative. Owing to the finite value of the turning radius
R and to the presence of the locked differential, the lateral slips and the
longitudinal rear slips can be relatively high, especially if the steer angle is
high and the turning radius is small. Therefore, in these manoeuvres the
assumption of linear tyre behaviour, that requires tyre slips σij close to zero,
may be inadequate even at low a˜y, as shown in Figures 1.14, 1.15, 1.17 and
1.18.
Results show that, for the vehicle configuration here considered, the
model with linear tyre behaviour can be considered valid at small levels of
lateral acceleration only if the assigned steer angle is less than five degrees
or, equivalently, if the turning radius is greater than 35 meters. Otherwise,
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Figure 1.17: Yaw moment Mz2 obtained with linear and non linear tyre
behaviour in the manoeuvres with constant steer angle.
non linear tyres have to be employed even for very low levels of lateral ac-
celeration a˜y.
This remark is very important, since it stresses a further and quite rele-
vant difference between the dynamics of vehicles with open differential and
the dynamics of vehicles with locked differential. If the lateral acceleration
tends to zero, models with linear tyres represent quite well the directional
behaviour of vehicles with open differential. On the contrary, for vehicles
with locked differential there is the need, in general, of more complex and
sophisticated models, having non linear tyre behaviour.
All the simulations were also repeated using a simpler vehicle model,
in which the dependence of the lateral load transfers ∆Fz1 and ∆Fz2 on
the yaw moment Mz2 (eq. (1.36)) was neglected. Results show that such
a dependence has always very little effect on the variables describing the
vehicle motion, confirming the possibility to use, approximately, the classical
relation ∆Fzi = mBia˜y instead of equations (1.36).
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R = 15 m
R = 40 m
R = 60 m
R = 100 m
Figure 1.18: Yaw moment Mz2 obtained with linear and non linear tyre
behaviour in the manoeuvres with constant turning radius.
1.6 Conclusions
Summing up, in the present study the effect of a locked differential on the
steady-state cornering behaviour of vehicles is investigated by means of two
neatly defined vehicle models, having linear and non-linear tyre behaviour
respectively. In order to obtain the yaw moment Mz2 acting on the rear
axle, a detailed kinematic analysis of tyres under combined slip is developed;
the longitudinal slips are formulated on the basis of the non-dimensional
quantities χij . Moreover, the steady-state lateral load transfers are shown
to be dependent not only on the steady-state lateral acceleration, but also
on the yaw moment Mz2 acting on the rear axle.
The handling diagrams obtained for manoeuvres conducted at constant
speed, constant steer angle and constant turning radius are discussed, show-
ing a strong influence of the manoeuvre itself on the steady-state behaviour
and understeer gradient.
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Notably, the concept of a certain degree of understeer–oversteer to be asso-
ciated to each level of lateral acceleration, typical of the classical theory, has
to be completely abandoned.
In addition, it is also shown that in general, even for small lateral accel-
erations, the linear tyre model is not adequate for the steady-state cornering
analysis. All these aspects had received very little attention so far.
The analysis here described represents a theoretical and systematic ap-
proach to a classical subject, which in the past was investigated by means
of numerical simulations and experimental ground tests only. It may also
be the basis of more refined, yet simple, vehicle models to be used in case
of locked differential. The obtained results also suggest a critical use of the
single track model theory for the analysis of experimental data.
Chapter 2
The handling surface theory
2.1 Introduction
The classical handling diagram is one of the most popular and useful tools
for the analysis of the steady-state directional behaviour of vehicles. How-
ever, as demonstrated in chapter 1, such diagram can be properly used to
characterize the directional behaviour of vehicles only if the hypotheses be-
hind the single track vehicle model are satisfied. For instance, the vehicle
has to be fitted with an open differential, which means equal tractive forces
acting on the driving wheels. Otherwise, the handling diagram, as usually
presented in the classical vehicle dynamics literature ([34, 8, 15, 30, 16]),
may be quite inadequate. This is exactly what happens for a vehicle fitted
with a locked differential. In this case, during a corner, a yaw moment arises
from the difference between the tractive forces acting on the driving wheels.
Such a yaw moment strongly affects the directional behaviour of vehicles.
The most important result of the study described in chapter 1 is that,
if a locked differential is employed, a different handling curve is obtained
for each particular manoeuvre considered (constant forward speed, constant
steer angle and constant turning radius). Therefore, contrary to the classical
theory presented in [34], the handling diagram is shown to be no longer
unique. Similar results were presented in [39] for trucks with multiple, non
steering rear axles.
Apparently, according to those results, it would seem that the complete
characterization of the steady-state directional behaviour of vehicles with
locked differential would require an infinite number of manoeuvres, each one
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providing its own handling diagram. Taking this point of view, the handling
diagram itself loses much of its significance. Furthermore, it would seem
that the concept of a unique tool, which is able to describe completely the
steady-state directional behaviour, must be completely abandoned.
In the present study a new and quite innovative approach to this topic is
proposed. Starting from the analysis presented in chapter 1, it is shown here
that the steady-state directional behaviour of vehicles can be fully described
and investigated by means of a neatly defined surface H, only depending on
the vehicle parameters and hence unique. Such surface may be considered
as a generalization of the concept of handling diagram. Accordingly, it has
been called handling surface.
Furthermore, a new definition and geometrical interpretation of the un-
dersteer gradient Km is given and its dependency on both the equilibrium
condition and the direction of the manoeuvre performed is pointed out. In-
deed, it is demonstrated that, for any particular manoeuvre, a specific han-
dling curve can be obtained from this surface.
Actually, after the introduction of the handling surface it becomes quite
natural to replace the understeer gradient Km (which is a scalar) by the
gradient w of the handling surface H, that is by a true gradient vector.
Indeed, it arises that this is the quantity that fully describes the steady-
state directional behaviour, including as a special case the classical results.
The theory here proposed is general and may be employed for the analysis
of the directional behaviour of any kind of vehicle. However, this study refers
specifically to the vehicle with locked differential presented in chapter 1.
The idea of a three dimensional plot that is able to describe the understeer-
oversteer behaviour of vehicles also appeared in [8]. However, in that pub-
lication this topic was not investigated in detail and the influence of the
manoeuvre on the directional behaviour was not discussed.
On the contrary, in the present study a systematic approach to this
subject is presented, leading to a consistent theory. The influence of the
manoeuvre on the handling diagram and on the understeer gradient is deeply
analyzed. Moreover, it is demonstrated that, even if the handling diagram
is possibly not unique, the steady-state directional behaviour of vehicles can
be described completely by means of a tool, the handling surface H and its
gradient vector w, only depending on the vehicle features.
From this point of view, this study represents the generalization of the
theory proposed in [34], in [39] and in chapter 1 of this thesis, and may be
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the key for the interpretation and the understanding of the results previously
obtained. It also suggests that the concept of handling diagram, typical
of the classical vehicle dynamics studies, should be replaced by the new
concept of handling surface, as a more general tool for vehicle dynamics
investigations.
The analysis, which is presented in this chapter, has been recently ac-
cepted for publication in the journal Vehicle System Dynamics ([12]).
2.2 The handling surface H
In order to introduce the concept of the handling surface a vehicle model is
needed. However, the whole theory is general and applicable to any vehicle.
In this study, we employ once again the same vehicle model with locked
differential and non linear tyre behaviour presented in chapter 1.
Starting from the equations described in section 1.3, it is possible to
obtain a suitable form of the equations governing the steady-state motion of
the non-linear vehicle model. First, it is convenient to introduce some more
compact relations involving the longitudinal and lateral forces Fxij and Fyij .
By substituting the expressions of the tyres slips (1.20) and (1.21) in the
constitutive equations (1.26) we obtain the following relationships
Fy11 = Fy11 (u, v, r, δ,∆Fz1) , Fy12 = Fy12 (u, v, r, δ,∆Fz1) ,
Fy21 = Fy21 (u, v, r, χ,∆Fz2) , Fy22 = Fy22 (u, v, r, χ,∆Fz2) ,
Fx21 = Fx21 (u, v, r, χ,∆Fz2) , Fx22 = Fx22 (u, v, r, χ,∆Fz2) .
(2.1)
According to these equations, under steady-state conditions (u˙ = v˙ = r˙ = 0)
the equilibrium equations (1.17) can be written as

f1 (u, v, r, χ, δ,∆Fz1 ,∆Fz2) = mvr + Fx2 − Fy1δ − Fa = 0,
f2 (u, v, r, χ, δ,∆Fz1 ,∆Fz2) = −mur + Fy1 + Fy2 = 0,
f3 (u, v, r, χ, δ,∆Fz1 ,∆Fz2) = Fy1a1 − Fy2a2 + (Fx22 − Fx21) t2/2 = 0.
(2.2)
Moreover, equations (1.36) represent additional relationships among the vari-
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ables describing the motion









Summing up, the equations governing the steady-state dynamics are
equations (2.2) and equations (2.3), that is, in compact form
f1 (u, v, r, χ, δ,∆Fz1 ,∆Fz2) = 0,
f2 (u, v, r, χ, δ,∆Fz1 ,∆Fz2) = 0,
f3 (u, v, r, χ, δ,∆Fz1 ,∆Fz2) = 0,
f4 (u, v, r, χ,∆Fz1 ,∆Fz2) = 0,
f5 (u, v, r, χ,∆Fz2) = 0.
(2.4)
Seven variables appear in the above equations. Once two of them are as-
signed, the equations can be solved for the other five unknown variables. Of
course, owing to the strong non-linearity of the constitutive equation, only
a numerical solution is possible.
In equations (2.4) it may be convenient to use different variables, par-
ticularly if we are interested in the understeer-oversteer behaviour. For in-
stance, the steady-state lateral acceleration a˜y and the turning radius R may
be directly used. This is common practice in vehicle dynamics since these
variables are considered as the basic parameters of the classical handling
theory. To insert a˜y and R in (2.4) it suffices to remind that
a˜y = ur and R = u/r (2.5)
and hence, for a turn in the leftwards direction, in which r > 0,
u =
√
a˜yR and r =
√
a˜y/R. (2.6)
It is worth noting that for almost any vehicle (model) we would end up
with a mathematical formulation much like equations (2.4), that is with a
system of n equations in n+ 2 variables.
In order to investigate the steady-state behaviour, that is to solve equa-
tions (2.4), possibly with (2.6), two variables need to be assigned. It may
2.2 The handling surface H 59
be convenient to assign the lateral acceleration a˜y together with any other
variable which characterizes the vehicle motion.
For instance, let us assign the lateral acceleration a˜y and the turning





For each couple of values of a˜y and s, which allows equations (2.4) to have
a solution, the unknown variables v, δ, χ, ∆Fz1 , ∆Fz2 are obtained.
Hence, a˜y and s may be considered as the independent variables describ-
ing the motion, while any other variable can be considered as a function of
a˜y and s and therefore represented by a surface in a three dimensional plot.
Such surfaces, which depend only upon the vehicle features, can supply a
clear and complete picture of the steady-state conditions.
In particular, the classical difference between the steer angle δ and the
Ackermann steer angle l/R is given by
δ − l
R
= δ − s = α1 − α2 = H(a˜y, s). (2.8)
This is the definition of the handling surface H(a˜y, s).
As a matter of fact, from this equation we see that the difference between
the front and rear slip angles α1 − α2 = H(a˜y, s) is no longer dependent only
on the lateral acceleration a˜y, as in classical vehicle dynamics studies, but in
general is a function of two variables: the lateral acceleration a˜y and another
variable which characterizes the vehicle motion. Therefore, the concept of
a single handling curve, typical of the classical theory, becomes inadequate.
Indeed, it should be replaced by this new concept of handling surface, that is
the three dimensional plot of the function H = H(a˜y, s). Of course, it may
be necessary to modify some traditional testing procedure to take advantage
of this fresh perspective.
For a vehicle model with locked differential, the handling surfaceH(a˜y, s)
shown in Fig. 2.1 is obtained. In the same figure, the contour lines of the
handling surface are also represented. It is worth noting that the contour
lines of the function H(a˜y, s) are not straight lines orthogonal to the a˜y axis.
As it will be shown, this result has strong relevance.
In general, if any other variable x = u, δ, χ, . . . was taken with the lateral
acceleration a˜y, we would obtain
δ − l
R
= H(a˜y, x). (2.9)
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In [39] for trucks with multiple axles and in chapter 1 of this thesis for
vehicles with locked differential, the handling diagram was shown not to
be unique, since a different handling curve was obtained for each different
manoeuvre considered. Accordingly, it would seem that the complete char-
acterization of the steady-state directional behaviour of such vehicles should
require the analysis of an infinite number of manoeuvres and, therefore, an
infinite number of handling curves.
In the present study, this topic is investigated from a new and more
general point of view. It is demonstrated that the directional behaviour
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Figure 2.1: Handling surface H(a˜y, s) (from two points of view) and its
contour lines for a vehicle with locked differential.
2.3 A more general definition of the understeer gradient 61
of vehicles can be completely characterized by means of a single handling
surface H(a˜y, x).
Of course, once a particular manoeuvre is assigned, the corresponding
handling curve can be retrieved from the handling surface.
2.3 A more general definition of the understeer
gradient
Typically, in classical vehicle dynamics, that is for vehicles with open dif-













This is possible since, as already noted, in this case H only depends on a˜y.
That is K does not depend on the way it was actually obtained.
In a more general setting, with H(a˜y, s) like in (2.8), the definition (2.10)
is clearly inadequate. A possible solution is to assign a specific manoeuvre,
as also suggested in [39], which means linking the turning radius R to the
lateral acceleration (Fig. 2.3)




In this context, a manoeuvre represents a sequence of equilibrium condi-
tions. Classical examples are manoeuvres with constant forward speed, with
constant steer angle and with constant turning radius, which have been ex-
amined in chapter 1. Of course they are vehicle independent.
For instance, manoeuvres with constant forward speed can be obtained
by assigning the following relation: R = u2/a˜y, where u is assigned and
kept constant. On the (a˜y, s) plane such manoeuvres can be represented by
straight lines from the origin.
Once a certain manoeuvre is assigned, as in (2.11), the difference H =
α1 − α2 becomes a function of the lateral acceleration alone
Hm = H(a˜y, s(a˜y)) = Hm(a˜y). (2.12)




































Figure 2.2: Contour lines and gradient vectors w for a handling surface H.
which can also be written in a more compact way as
Km = w · t (2.14)
In this equation, as shown in Fig. 2.1 and in Fig. 2.2, the vector








= w(a˜y, s) (2.15)
is the gradient of the function H(a˜y, s), that is the gradient of the handling
surface. Therefore, it is related only to the vehicle features. As well known,
the gradient magnitude is bigger where the contour lines are closer to each
other (Fig. 2.2).







= (1, q) (2.16)
in equation (2.14) is tangent to the curve which represents the manoeuvre
s = s(a˜y). The component along the a˜y axis is always equal to 1, while
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the component along the s axis is equal to q = ds/da˜y. For instance, q =
qR = qs = 0 if R and hence s are constant during the manoeuvre, while
q = qu = l/u2 in a manoeuvre with constant u.
Equation (2.14), where the understeer gradient Km is given by the dot
product of vectors w and t, represents quite a general and innovative ex-
pression. For a given vehicle, the vector w depends only on the equilibrium
point on the (a˜y, s) plane, while the vector t depends only on the direction
of the particular manoeuvre considered.
Therefore, in general the quasi-classical understeer gradient Km and the
understeer-oversteer characteristics depend on both the equilibrium point
and the manoeuvre, that is to say the particular sequence of steady-state
conditions the equilibrium point belongs to.
2.4 Geometrical interpretation of the understeer
gradient Km
The new definition (2.14) of Km may be given a simple geometrical inter-
pretation.
Let us consider a generic steady-state condition which is represented by
a point P on the (a˜y, s) plane. By definition, the gradient w at point P
is a vector perpendicular to the contour line of H(a˜y, s) at P , as shown in
Fig. 2.3. In the same figure, three possible vectors t, corresponding to three
different manoeuvres are also given.
According to equation (2.14), understeer, that is Km > 0, occurs if the
angle between w and t is less than pi/2, as in case (a) in Fig. 2.3.
On the contrary, oversteer, that is Km < 0, occurs, at the very same
equilibrium point, if the angle between w and t is larger than pi/2, as in case
(c) in Fig. 2.3.
Finally, the directional behaviour is considered as neutral steer (Km = 0)
if t is orthogonal to w and, accordingly, the curve representing the manoeu-
vre is tangent at point P to the contour line (case (b) in Fig. 2.3). In this
case, the difference H is constant along the manoeuvre for small pertur-
bations about point P . For instance, and quite surprisingly, if the curve
which represents the manoeuvre coincides with a contour line of the surface
H(a˜y, s), the directional behaviour of the vehicle should be considered as
neutral steer along the whole manoeuvre.
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Figure 2.3: Manoeuvres leading to (a) understeer, (b) neutral and (c) over-
steer behaviour, for the same vehicle at the same steady-state condition.
Summing up, we have proven that, in general, the quasi-classical under-
steer gradient
Km = w · t (2.17)
can take any value at each steady-state condition (a˜y, s), depending on the
direction of t, that is on the specific manoeuvre performed.







= (K, 0), (2.18)
that is w is parallel to the a˜y axis. As it is shown in section 2.8, this is in
fact the case typically considered in classical vehicle dynamics ([34]).
2.5 Many handling curves from the same handling
surface
Whenever the contour lines of the handling surface H(a˜y, s) are not parallel
to the s axis, a different handling curve will be found for each different
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manoeuvre.
As a first example, the handling curves corresponding to manoeuvres
with constant turning radius for a vehicle with locked differential are rep-
resented in the part on the left of Fig. 2.4. These curves were obtained by
intersecting the handling surface with some planes orthogonal to the s = l/R
axis (manoeuvres with constant R), as shown in the part on the right. The
handling diagrams shown in Fig. 2.4 are basically like those already pre-
sented in Fig. 1.15 for the vehicle model with non linear tyre behaviour.
However, here a completely different and unifying perspective is proposed.
For the same vehicle model, the handling curves that correspond to ma-
noeuvres with constant forward speed u are shown in the part on the left of
Fig. 2.5. Also these curves were obtained from the handling surfaceH(a˜y, s),
as shown on the picture on the right. Manoeuvres with constant u corre-
spond to straight lines from the origin in the (a˜y, s) plane.
Owing to the fact that the handling surface was obtained for finite values
of the turning radius R = l/s, the curves shown in Fig. 2.5 do not reach the
origin. However, they are part of the handling curves presented in Fig. 1.13
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Figure 2.4: Handling curves (left) obtained from the handling surface in
manoeuvres with constant turning radius (H in degrees, a˜y in m/s2).
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Figure 2.5: Handling curves (left) obtained from the handling surface in
manoeuvres with constant forward speed (H in degrees, a˜y in m/s2).
for the vehicle model with non linear tyre behaviour.
In all cases, the manoeuvre-dependent understeer gradientKm, defined in
(2.14), is equal to the slope with respect to a˜y of the corresponding handling
curve. This is therefore another simple geometrical interpretation of Km.
Owing to the well known equation (2.8), in both Figures 2.4 and 2.5 the
steer angle δ can be promptly obtained, as commonly done in any handling
diagram.
2.6 Proposal for a new understeer gradient w
Having shown that, in general, Km can take any value depending on the
(experimental) way it is obtained, it is advisable to find a better and more
robust definition for the same concept.
Therefore, it is proposed here that the name “understeer gradient” be
given to w, defined in equation (2.15) as the gradient of the handling surface
H (Fig. 2.2). Indeed, w fully exploits all the steady-state dynamic features
of the vehicle under investigation. Moreover, w is uniquely defined and
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unambiguous and provides the classical K in the special case (2.18).
2.7 How to measure w
The experimental measurement of w is not that difficult. It suffices to per-
form two different manoeuvres, for instance at constant radius R = l/s and
constant speed u, at each point in the plane (a˜y, s).
Let, as in (2.16), ts = (1, qs) = (1, 0) and tu = (1, qu) = (1, l/u2) be
the directions of the two manoeuvres, and Ks and Ku the corresponding
measured values of Km, that is the slopes of the handling curves. Moreover,
let
w = (wy, wx) (2.19)
be the to-be-computed two components of the newly defined understeer gra-
dient. Accordingly to equation (2.14) we have{
wy + wxqs = Ks
wy + wxqu = Ku
(2.20)




This computation can be easily generalized to other possible manoeuvres,
like, e.g., at constant steer angle δ. In this case
qδ = −Kδ (2.22)
and hence
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2.8 The handling surface for the single track model
The theory here developed represents the generalization of the classical the-
ory of the single track vehicle model, even with non linear tyres as in [34].
As is well known, for the single track model the difference H between
the front and rear slip angles only depends on the steady-state lateral accel-
eration a˜y, that is δ − s = α1 − α2 = H(a˜y).
In Fig. 2.6, the handling surface, its contour lines and the corresponding
handling diagram are shown for a classical single track vehicle model (open
differential). In this particular case, the handling surface is a cylinder whose
directrices are orthogonal to the a˜y axis. As a consequence, the handling
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Figure 2.6: Handling surface, contour lines and handling diagram for a clas-
sical single track vehicle model.
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2.9 Conclusions
In this chapter it is shown that to describe the steady-state overall behaviour
of a general vehicle, like, e.g., one with locked differential, it is necessary to
employ a handling surface H, which fully describes the steady-state handling
properties of the vehicle instead of the single handling curve.
All handling curves, which in general depend on the “direction” t of the
chosen manoeuvre, can be retrieved easily from the unique handling surface.
Accordingly, the definition of understeer gradient Km also needs to be
updated. It is suggested here to replace it by the gradient vector w of the
handling surface H. Specific values of Km may be calculated by the dot
product of w and t.
Classical manoeuvres can anyway be suitably employed to measure ex-
perimentally the newly defined quantities.
Finally, it is shown how the new concepts relate to and generalize the





In chapter 2 the theory of the handling surface H(a˜y, s) has been presented
and analyzed in detail. The main concept, which is on the basis of the theory
developed, is that under steady-state conditions any variable, describing the
vehicle motion, can be represented in a three dimensional graph as a function
of two other variables, taken as independent variables. For instance, as
in section 2.2, the lateral speed v, the steer angle δ, the non-dimensional
quantity χ and the lateral load transfers ∆Fz1 and ∆Fz2 may be represented
each as a function of the lateral acceleration a˜y and the Ackermann steer
angle s = l/R.
Other possible representations relate to different choices for the indepen-
dent variables, such as either the lateral acceleration and the forward speed,
or the lateral acceleration and the steer angle, or also the forward speed and
the steer angle together, and so on.
Obviously, there are many possible choices for the independent variables
and, accordingly, many different representations of the same phenomenon.
The choice of what variables should be taken as independent variables is
arbitrary, even though some choices may result more convenient than other.
Anyway, the steady-state cornering behaviour of a given vehicle can be de-
scribed completely by means of a certain number of surfaces, only depending
upon its constructive features. Such surfaces play the same role the handling
diagram has in the classical single track model theory, since they represent
the whole of the steady-state cornering conditions for the vehicle.
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Depending on what variables are chosen as independent variables, dif-
ferent surfaces can be conveniently employed in order to characterize the
steady-state directional behaviour. In particular, among the whole of the
surfaces which can be obtained, there are some ones directly related to the
concept of handling diagram and understeer-oversteer characteristics.
In chapter 2 the steady-state lateral acceleration a˜y and the Ackermann
steer angle s = l/R have been chosen as independent variables. Such a
choice allows to obtain a single handling surface H(a˜y, s). A single handling
surface could be obtained also with a different choice of the independent
variables, provided that the steady-state lateral acceleration a˜y is one of
these variables. For instance, the lateral acceleration and the forward speed,
or the lateral acceleration and the steer angle, may be taken as independent
variables for the analysis of the steady-state directional behaviour. In these
cases, results would be formally identical to those presented in chapter 2.
A different analysis must be performed if the lateral acceleration is not
one of the independent variables. In this chapter, we will examine in de-
tail the case in which the forward speed and the steer angle are taken as
the independent variables describing the steady-state motion. As it will be
shown, in this case two handling surfaces are needed, which must be used
simultaneously in order to characterize completely the understeer-oversteer
behaviour of vehicles.
In chapter 2 the use of mathematical formulas has been reduced to a
minimum, in order to introduce the new theory developed in a simple but
incisive way. Moreover, in case of a single handling surface, the mathematical
formulation of the problem is relatively easy and intuitive.
On the contrary, in this chapter the use of mathematics is more inten-
sive. In fact, the necessity of considering simultaneously two handling sur-
faces makes the use of a more detailed mathematical formulation required
to understand the obtained results.
3.2 The two handling surfaces A and Y
A representation of the steady-state motion, different from what presented in
section 2.2, can be obtained by taking as independent variables the forward
speed u and the steer angle δ. This choice seems quite convenient, since
such variables can be directly controlled by the driver. Moreover, u and δ
are the parameters which determine the orientation and the position of the









































Figure 3.1: Handling surfaces A(u, δ) and Y (u, δ) for a vehicle with locked
differential.
straight line, whose intersections with the handling diagram represent the
steady-state cornering conditions in the classical theory of the single track
vehicle model (see Fig. 1.2).
In this case, equations (2.4) can be solved for the unknown functions
v(u, δ), r(u, δ), χ(u, δ), ∆Fz1(u, δ), ∆Fz2(u, δ). Furthermore, each equilib-
rium condition can now be represented by a point on the (u, δ) plane.
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Figure 3.2: Contour lines of the handling surfaces A(u, δ) (dash lines) and
Y (u, δ) (solid lines) for a vehicle with locked differential.
The surface representing the classical difference between the steer angle
δ and the Ackermann steer angle l/R is given by
δ − l
R
= δ − l r
u
= α1 − α2 = A(u, δ), (3.1)
while the surface representing the steady-state lateral acceleration is
a˜y = ur = Y (u, δ). (3.2)
The functions A(u, δ) and Y (u, δ) are closely related with the concept of
understeer-oversteer. Accordingly, these two surfaces represent the handling
surfaces for this particular choice of the independent variables.
For the vehicle model with locked differential and non linear tyre be-
haviour, presented in chapter 1, the handling surfaces A(u, δ) and Y (u, δ)
are shown in Fig. 3.1. The corresponding contour lines are represented in
Fig. 3.2. It is worth noting that the contour lines of the function A(u, δ) do
not coincide with the contour lines of the function Y (u, δ).
The three dimensional graphs, shown in Fig. 3.1, refer to a quite nar-
row rectangular domain on the (u, δ) plane, in which a numerical solution
of equations (2.4) was found everywhere. A wider range for u and δ was
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Figure 3.3: Handling surfaces A(u, δ) and Y (u, δ) in a wider range for u and
δ for a vehicle with locked differential.
obtained by searching the solutions of equations (2.4) in some adjacent rect-
angular domains on the (u, δ) plane, as shown in Fig. 3.3. Such domains
were chosen on the basis of the following criterion: if the forward speed u
is high, the steer angle δ is small, and vice versa. The handling surfaces
represented in Fig. 3.1 are part of the handling surfaces shown in Fig. 3.3.
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3.3 Definition of the understeer gradient
For this particular choice of the independent variables describing the vehicle
motion, to assign a manoeuvre means to consider the forward speed as a
function of the steer angle, u = u(δ), or vice versa, δ = δ(u). At the
moment, let us assign a manoeuvre by considering the relation u = u(δ).
Along the manoeuvre assigned, the difference A and the steady-state lateral
acceleration Y become functions of the steer angle alone{
Am = A(u(δ), δ) = Am(δ),
Ym = Y (u(δ), δ) = Ym(δ).
(3.3)
Relations (3.3) may be interpreted as the parametric equations of a curve
on the (Ym, Am) plane, where the steer angle δ is the parameter. Such a curve
represents the handling diagram for the particular manoeuvre considered.
Therefore, the handling diagram will depend in general on the manoeuvre.
At least locally, Am may be considered as a function of Ym. Accordingly,





In order to obtain a compact expression for the understeer gradient, the





















































) = e · tu
f · tu . (3.6)









= e(u, δ) (3.7)









= f(u, δ) (3.8)

















Figure 3.4: Definition of vectors tu and tδ.








is tangent to the curve which represents the manoeuvre u = u(δ) at the
generic point P (Fig. 3.4).
If the manoeuvre were assigned by considering the steer angle as a func-
tion of the forward speed, δ = δ(u), a similar approach would be followed,
obtaining an expression for the understeer gradient formally identical to that
shown in equation (3.6). In fact, in this case we would obtain
Km =
e · tδ
f · tδ , (3.10)








is tangent to the curve which represents the manoeuvre δ = δ(u) at the
generic point P (Fig. 3.4).
Therefore, along a generic manoeuvre the understeer gradient is given by
Km =
e · t
f · t , (3.12)
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Figure 3.5: Geometrical interpretation of the understeer gradient as defined
in equation (3.12).
where t corresponds either to tu or to tδ, depending on whether the ma-
noeuvre is assigned by taking u as a function of δ or vice versa.
Equation (3.12) is formally similar to equation (2.14). In fact, also in
this case the dot products of vectors related with the vehicle characteristics
and a vector related with the manoeuvre appear. For a given vehicle, vectors
e and f depend only on the equilibrium point on the (u, δ) plane, while the
vector t depends only on the particular manoeuvre assigned.
3.4 Geometrical interpretation of the understeer
gradient Km
The geometrical interpretations of equation (3.12) and equation (2.14) are
exactly the same, even if it is now necessary to analyze the understeer-
oversteer characteristics by means of two surfaces at the same time: the
surface A(u, δ) and the surface Y (u, δ), both depending only on the con-
structive features of the vehicle.
Let us consider the generic equilibrium point P on the (u, δ) plane
(Fig. 3.5). We will exclude the case in which the equilibrium point P is
a stationary point for A(u, δ) or for Y (u, δ). That means we will consider
e 6= 0 and f 6= 0. Moreover, let us study a manoeuvre in which the lateral
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acceleration is not constant and so the curve representing the manoeuvre
is not tangent at point P to the contour line of the surface Y (u, δ) which
passes through P (that is f · t 6= 0). In fact, manoeuvres with constant lat-
eral acceleration represent quite particular cases and do not have practical
relevance. However, they will be briefly discussed later.
According to (3.12), understeer occurs if the dot products e · t and f · t
have the same sign. In this case, the difference A = δ − l/R and the lateral
acceleration Y both increase or decrease along the manoeuvre.
Oversteer occurs if such dot products have different sign, which means
A decreases and Y increases along the manoeuvre, or vice versa.
Neutral steer occurs if e · t = 0 and so if the curve representing the
manoeuvre is tangent at point P to the contour line of the surface A(u, δ)
which passes through P .
According to Fig. 3.5, the dependence of the understeer gradient Km on
the manoeuvre may be analyzed by rewriting equation (3.12) in a different
form
Km =
|e| |t| cos ζ
|f | |t| cos θ =
|e| cos (θ − ε)
|f | cos θ =
|e|
|f |g(ε, θ), (3.13)
where
g(ε, θ) =
cos (θ − ε)
cos θ
= cos ε+ tan θ sin ε. (3.14)
For a given vehicle, the term |e| / |f | depends only on the equilibrium point
on the (u, δ) plane. On the contrary, the term g(ε, θ) depends on both the
equilibrium point and the manoeuvre. In fact, the angle ε between f and e
is a characteristic of the vehicle, while the angle θ between f and t depends
on the particular manoeuvre assigned.
In Fig. 3.6, g(ε, θ) is shown for different values of the angle ε, when the
angle θ varies into the intervals −pi/2 < θ < pi/2 and pi/2 < θ < 3pi/2. For
ε = 0 and ε = pi we obtain
g(0, θ) = 1, g(pi, θ) = −1. (3.15)
For ε 6= 0, pi the function g(ε, θ) has two vertical asymptotes for θ → ±pi/2.
For θ belonging to the intervals −pi/2 < θ < pi/2 and pi/2 < θ < 3pi/2 it is
an increasing or decreasing monotonic function. Moreover, its sign changes
across the vertical asymptotes.
Accordingly, the following general rule is obtained: at the generic equi-
librium point on the (u, δ) plane, if ε = 0 or ε = pi the understeer gradient

















Figure 3.6: Function g(ε, θ) for ε varying into the interval [0, 2pi] with steps
of pi/4.
does not depend on the manoeuvre; on the contrary, if ε 6= 0, pi a differ-
ent understeer gradient will be found for each different manoeuvre. In this
latter case, the understeer gradient can assume any value into the interval
(−∞,+∞).
Therefore, the understeer gradient is unique only if vectors e and f are
parallel at the generic equilibrium point P considered. That means the
contour lines of the surfaces A(u, δ) and Y (u, δ) are tangent at point P .
Hence, for a given vehicle the understeer gradient is not dependent on the
manoeuvre at every equilibrium point only if each contour line of the surface
A(u, δ) coincides with a contour line of the surface Y (u, δ).
Moreover, the curve (3.3) represents the handling diagram for the par-
ticular manoeuvre assigned. In general, such a curve depends on the ma-
noeuvre. However, it is possible to demonstrate that the dependence of the
handling diagram on the manoeuvre is closely related with the particular
structure of the contour lines of the handling surfaces A(u, δ) and Y (u, δ). If
each contour line of the surface A(u, δ) coincides with a contour line of the
surface Y (u, δ), then the handling diagram is unique. On the contrary, if the
contour lines of these surfaces do not coincide, a different handling diagram
will be obtained for each different manoeuvre.

















Figure 3.7: Particular structure of the contour lines of the handling surfaces
















Figure 3.8: Structure of the contour lines of the handling surfaces A(u, δ)
and Y (u, δ) which causes the handling diagram to depend on the manoeuvre.
As an example, let us analyze Fig. 3.7 and Fig. 3.8, where two manoeu-
vres with constant forward speeds u1 and u2 are assigned and two different
vehicles are considered. For the vehicle corresponding to Fig. 3.7 each con-
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tour line of the surface A(u, δ) coincides with a contour line of the surface
Y (u, δ) and the handling diagram is unique. On the contrary, for the vehicle
corresponding to Fig. 3.8 such a property is not verified and two different
handling diagrams are obtained.
For the vehicle model with locked differential the contour lines of the
handling surfaces A(u, δ) and Y (u, δ) do not coincide (Fig. 3.2). Therefore,
we demonstrate once again that in this case the handling diagram and,
accordingly, the understeer gradient depend on the manoeuvre.
Let us now analyze manoeuvres with constant lateral acceleration. If we
are interested in the mathematical expression of the understeer gradientKm,
such manoeuvres should be considered as the limit cases in which θ → ±pi/2.
In fact, since the understeer gradient is not defined if the lateral acceleration
is constant, it is necessary to investigate what happens if the lateral accel-
eration tends to be constant. Once again, we will exclude the case in which
the equilibrium point under investigation is a stationary point for A(u, δ) or
for Y (u, δ). Therefore, |e| 6= 0 and |f | 6= 0. According to equations (3.13)
and (3.14) the following cases may occur.
- If ε 6= 0, pi then g(ε, θ) tends to infinity or to minus infinity. Therefore,
also the understeer gradient Km tends to infinity or to minus infinity.
- If ε = 0 or ε = pi then g(ε, θ) = ±1. Therefore, Km → ±|e|/|f |.
3.5 The particular case of the single track vehicle
model
Let us now consider a single track vehicle model. Starting from equation
(1.10) the following relations can be obtained
Fy1 = Fy1(α1) = Fy1(α1 (u, δ)) =
ma2
l
Y (u, δ) ,
Fy2 = Fy2(α2) = Fy2(α2 (u, δ)) =
ma1
l
Y (u, δ) .
(3.16)
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On the basis of the definition (1.13) of the cornering stiffnesses of the front





































































































































































which is the classical expression already presented in equation (1.15).
Moreover, for a single track vehicle model each contour line of the surface
A(u, δ) coincides with a contour line of the surface Y (u, δ). In fact, starting
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Accordingly, all the classical results are retrieved: for the single track vehicle
model the handling diagram and the understeer gradient do not depend on
the manoeuvre.
3.6 Conclusions
An alternative representation of the steady-state cornering behaviour of ve-
hicles is presented in this chapter.
It is shown that, if the lateral acceleration a˜y is not taken as one of
the independent variables which describe the motion, the steady-state direc-
tional behaviour can be fully characterized and investigated by means of two
handling surfaces, only depending on the vehicle features, and their gradient
vectors. In order to analyze the understeer-oversteer characteristics, such
surfaces must be used simultaneously.
A definition of the understeer gradient along the generic manoeuvre is
also given, which is formally similar to the definition presented in chapter 2.
Finally, it is shown once again how the new concepts relate to and gener-






It is well known that an open differential is commonly employed in automo-
tive applications in order to allow driving wheels to rotate at different an-
gular velocities during corners. Moreover, an open differential always shows
a symmetric distribution of the engine torque between the output shafts,
that means the differential delivers the same driving torque to each driving
wheel. This particular torque transfer characteristic may be inadequate in
some circumstances, because it limits traction capabilities if the adherence
conditions or the vertical loads of the driving wheels are different. In fact,
in those cases the maximum torque the open differential can deliver to the
whole driving axle is approximately twice the maximum torque the wheel
with the worst adherence conditions or with the smallest vertical load can
transmit, even if the other wheel could tolerate higher torques.
This drawback of the open differential can be partially overcome by using
a passive self-locking differential, which is fitted with a clutch contrasting
the relative motion of the driven shafts (see Fig. 4.1). This kind of device
often improves traction capabilities, but it introduces a yaw moment which
strongly affects the directional behaviour of vehicles.
Unlike passive self-locking differentials, electronically controlled limited-
slip differentials, also called semi-active differentials, allow the locking action
to be modulated according to a suitable control logic and depending on
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the actual condition of the vehicle. Therefore, the torque transfer of the
differential can be actively controlled and performance of the vehicle can be
optimized in every driving condition.
An electronically controlled limited-slip differential is fitted with a multi-
plate clutch placed between the case and one, or both, the output shafts. The
clutch is driven by a hydraulic circuit. Due to the presence of the controlled
clutch, such a differential can be partially or completely locked and it can
transmit different torques to the output shafts. Owing to its constructive
features, it always transmits a higher torque to the slower output shaft.
In order to investigate the directional behaviour of vehicles fitted with
an electronically controlled limited-slip differential, a mathematical vehicle
model is needed. In this chapter, a relatively simple, albeit accurate and
carefully formulated, vehicle model is proposed, which is able to catch the
basic aspects of the dynamics of this kind of vehicles during both steady-state
and transient conditions (power-on, power-off and braking manoeuvres).
The vehicle model here proposed is quite similar to the model presented
in section 1.3. In fact, also in this case the plane motion of a rear-wheel
drive vehicle is considered. However, the model of the transmission system
is added in the present vehicle model and the equilibrium equations of the
four wheels are explicitly introduced, in order to describe vehicle dynamics
in traction and braking conditions.
As explained in the following sections, the behaviour of an electronically
controlled limited-slip differential changes, depending on whether it is locked
or slipping. Owing to such a discontinuous characteristic of the differential,
a sophisticated model of the driving rear axle is needed. In particular, the
dynamic behaviour of the rear axle is modelled by means of a finite-state
machine, in which each state represents a particular condition of the differ-
ential.
The model developed is able to faithfully simulate the dynamic behaviour
of a real controlled limited-slip differential in both locking and slipping con-
ditions and to suitably manage the transitions between these conditions.
4.2 Vehicle model
A rear-wheel drive vehicle fitted with an electronically controlled limited-slip
differential is considered (see Fig. 4.2). The motion of the vehicle is assumed
to be plane and parallel to the road, which is horizontal and perfectly even.
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Figure 4.1: Mechanical scheme of a passive self-locking differential.
The reference frame attached to the vehicle (x, y, z;G), whose origin coin-
cides with the centre of mass of the vehicle G and whose versors are (i, j,k),
is the same for this vehicle model and the model presented in section 1.3.
The variable u is the longitudinal speed, v is the lateral speed and r is the
yaw rate. All these variables and all the symbols in Fig. 4.2 have the same
meanings already explained for the vehicle model with locked differential
presented in section 1.3.
4.2.1 Equilibrium equations
In the present vehicle model a brake torque Mbij may be applied to each of
the four wheels (see Figures 4.3 and 4.5). Therefore, also two longitudinal
forces Fx11 and Fx12 appear at the front wheels in Fig. 4.2. The equilibrium
equations of the vehicle are given by





m(v˙ + ur) = Fx1δ + Fy1 + Fy2 ,
Jr˙ = Fx1δa1 + Fy1a1 − Fy2a2 +Mz1 +Mz2 ,
(4.1)




















































Figure 4.2: Kinematics and force definition of the vehicle model with elec-
tronically controlled limited-slip differential.
where
Fx1 = Fx11 + Fx12 , Fx2 = Fx21 + Fx22 ,
Fy1 = Fy11 + Fy12 , Fy2 = Fy21 + Fy22 ,
(4.2)
and
Mz1 = (Fx12 − Fx11)
t1
2




The parameters m and J are the vehicle mass and yaw moment of inertia
with respect to the vertical axis k passing through the centre of mass G. As
already done in equations (1.17), also in this case the term (Fy11−Fy12)t1δ/2
is neglected.
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The presence of the force Fx1 and the presence of the yaw moment Mz1
are the only differences between equations (4.1) and equations (1.17).
4.2.2 Congruence equations: tyre theoretical slips
According to what presented in section 1.3.2, the longitudinal and lateral














































The variable Ωij is the angular velocity of the generic tyre rim, while R1
and R2 are the front and rear tyre rolling radii, which are assumed to be
constant.
4.2.3 Constitutive equations: tyre model
The same non-linear constitutive equations, presented in section 1.3.3, are
considered here. Therefore, the total tangential force Ft acting on the generic
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while the longitudinal and lateral components of Ft are
Fx = −σx
σ
Ft(σ,∆Fz), Fy = −σy
σ
Ft(σ,∆Fz). (4.7)
As in section 1.3.3, the variable ∆Fz is the vertical load variation with respect
to the static load F 0z .
Finally, the Magic Formula ([36]) is employed for the definition of the
force Ft(σ,∆Fz)
Ft(σ,∆Fz) = Df sin
(
Cf arctan(Bfσ −Ef [Bfσ − arctan(Bfσ)])
)
, (4.8)
where Cf and Ef are suitable constants, while
Df = µFz = (q1Fz + q2)Fz =
[



















All the quantities, which appear in the above equations, have the same
meanings already explained in section 1.3.3.
4.2.4 Vertical load on each tyre
In order to evaluate the vertical load acting on each tyre, an approximate
method is presented in this section.
Under general dynamic conditions, such as transient manoeuvres, the
vertical load variation of each tyre is due to both the lateral and longitudinal
load transfers. Moreover, such load transfers could be determined exactly
only by considering a more complicated vehicle model, in which the pitch,
roll and heave motions of the sprung mass are taken in to account.
In order to obtain a simplified, albeit realistic, representation of the
lateral load transfers, we can imagine that roll transients are short. Starting
from this hypothesis and considering the analysis presented in section 1.3.4,
the following approximate relations can be employed for the lateral load
transfers of the front and rear axles under general dynamic conditions
∆F yz1 = mB1ur,
∆F yz2 = mB2ur,
(4.11)
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Equations (4.11) come from equations (1.36) by neglecting the depen-
dence on the longitudinal forces. As explained at the end of chapter 1, such
assumption can be considered valid with good approximation.
Also the longitudinal load transfers can be expressed following an ap-
proximate formulation. When the path of the vehicle is rectilinear, the
longitudinal load transfer of each tyre is given by











where h is the height of the centre of mass G and l is the wheelbase. The
derivative u˙ is positive when the vehicle is accelerating, while it is negative
when the vehicle is decelerating.
In practice, relations (4.13) can be used, approximately, also in cornering
conditions. Accordingly, by adding the contributions of the lateral load
transfers to the contributions of the longitudinal load transfers, the vertical


























The static loads F 0zij are assumed to be constant:











where g is the acceleration of gravity.
Finally, if the model of a race car is considered, an additional term, due
to the vertical component of the aerodynamic force, must be added to each
vertical load in equations (4.14). Such aerodynamic terms are approximately
proportional to the square of the forward speed u.





































Figure 4.3: Equilibrium conditions of the front wheels.
4.2.5 Equilibrium equations of the front wheels
In Fig. 4.3 the equilibrium conditions of the front wheels are represented.
Since a rear-wheel drive vehicle is considered, no driving torque acts on the
front wheels. On the contrary, two brake torques Mb11 and Mb12 can be
applied to the wheels. The parameter Jw is the moment of inertia of each
wheel, with respect to an axis parallel to axis y and passing through their
centre, while R1 is the height of the two wheel hubs, which is assumed to be
almost equal to the rolling radius of the front wheels. Rolling resistance is
neglected.
Therefore, the equilibrium equations of the front wheels are given by{
JwΩ˙11 = −Fx11R1 −Mb11 ,
JwΩ˙12 = −Fx12R1 −Mb12 .
(4.16)
4.3 Model of the transmission system
The model of the transmission system is shown in Fig. 4.4. If we are mainly
interested in modelling the presence of a controlled limited-slip differential on
the rear axle, and not in describing accurately the whole transmission system,
the simplest model may include the wheels, the half-axles, the differential
and an equivalent flywheel, which represents all the members of the drive-
line before the differential: the engine, the clutch and the gearbox. The

























Figure 4.4: Model of the transmission system.
moment of inertia of the flywheel is Je, while its angular velocity is Ωe. The
torque Te is the torque delivered by the engine, which depends on the engine
speed Ωe and on the gas pedal position ψ. Such a torque is applied directly
to the flywheel. For the sake of simplicity, all the torsional compliances are
neglected. Moreover, the clutch and one of the gears are considered to be
engaged.
The reference frame (x0, y0, z0;O) is attached to the differential case and
rotates with it. The origin O coincides with the centre of the differential,
axis x0 coincides with the axis of the pinion gear, while axis y0 is parallel to
axis y, which is attached to the vehicle. The parameter Jc is the moment of
inertia of the differential case, with respect to axis y0, while Ωc is the angular
velocity of the differential case. The moment of inertia with respect to axis
y0 of each half-axle, including the contribution of the wheel and planetary
gear (also called side gear), is Ja, while its angular velocity is Ω2j , where
j = 1 for the left wheel and j = 2 for the right wheel. The gear ratio τ of
the gearing which transmits the motion from the flywheel to the differential
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A simple way to model the presence of the controlled clutch within the
limited-slip differential is to imagine that such a clutch is placed between
the differential pinion and the differential case1. Therefore, a friction torque
Tf is generated between the discs of the clutch, which acts along the x0
direction (see Figures 4.4 and 4.6). As explained in the following sections,
the hydraulic circuit which controls the locking of the differential is able to
set the magnitude of the normal force p applied to the clutch surfaces, while
the friction torque Tf depends non trivially on p.
It may be helpful to reduce the moment of inertia of the flywheel and
the engine torque to the case of the differential. The moment of inertia of










Accordingly, the case of the differential may be represented as a rigid
body, whose moment of inertia is









In the following paragraphs, the equilibrium equations of the members
of the transmission system will be derived.
1In a real electronically controlled limited-slip differential, the clutch is usually placed
between the case and one, or both, the output shafts. However, from a conceptual point
of view, the clutch could be placed everywhere within the differential, provided that it
contrasts the relative motion of the output shafts.






















































Figure 4.5: Equilibrium conditions of the rear wheels.
4.3.1 Equilibrium equations of the rear wheels
The forces and torques which act on the rear wheels are shown in Fig. 4.5.
Forces F1 and F2 are the forces which the differential pinion transmits to
each side gear, while Mb21 and Mb22 are the brake torques acting on the rear
wheels. The parameter R2 is the height of the two wheel hubs, which is
assumed to be almost equal to the rolling radius of the rear wheels, while ld
is the distance between axis y0 and each of the application points of forces
F1 and F2. Therefore, the equilibrium equations of the rear wheels are given
by
JaΩ˙21 = −Fx21R2 −Mb21 + F1ld,
JaΩ˙22 = −Fx22R2 −Mb22 + F2ld.
(4.22)
4.3.2 Equilibrium equation of the differential pinion
The forces and torques which act on the differential pinion are shown in
Fig. 4.6. The parameter hd is the distance between axis x0 and each of the
application points of forces F1 and F2. By neglecting the moment of inertia
of the pinion with respect to axis x0, the following equilibrium equation
holds
F2 − F1 = Tf
hd
. (4.23)
Moreover, the case of the differential transmits to the axis of the pinion

















Figure 4.6: Equilibrium conditions of the differential pinion.
the force F1 + F2 along the opposite direction of z0 axis.
On the basis of equation (4.23), the difference between the torques trans-
mitted to the output shafts is given by
∆T = (F2 − F1)ld = Tf ld
hd
. (4.24)
4.3.3 Equilibrium equation of the differential case
The pinion transmits to the differential case an equal and opposite force
F1 + F2. Moreover, the engine torque acting on the differential case is Tc =




− (F1 + F2)ld. (4.25)
4.3.4 Equations of motion of the rear axle





4.4 Different models for locked and slipping conditions 97
















By substituting equations (4.27) into equations (4.22), the following equa-
tions can be obtained































It may be interesting to note that, under steady-state conditions (Ω˙21 =
Ω˙22 = 0) and assuming that no brake torque acts on the wheels (Mb21 =
Mb22 = 0), the torques the differential transmits to the rear wheels are
F1ld = Fx21R2 = Te
1
2τ
− Tf ld2hd ,








The above equations are the classical relations which can be found in the
scientific literature for a limited-slip differential.
4.4 Different models for locked and slipping con-
ditions
There is now the need to describe the particular relation which links the
friction torque Tf and the difference between the angular velocities of the
output shafts ∆Ω = Ω21 − Ω22 (see Fig. 4.7). Due to the presence of fric-
tion forces generated between the discs of the clutch, the behaviour of the
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Figure 4.7: Friction torque Tf versus differential velocity Ω21 − Ω22.
differential changes, depending on whether it is locked (∆Ω = 0) or slipping
(∆Ω 6= 0), and therefore presents a discontinuity in the transition between
these operation modes. If it is slipping, the output torques depend only
on the input torque and on the normal force applied to the clutch surfaces
(in steady-state conditions), while if it is locked, these torques can be de-
termined only by studying the adherence and equilibrium conditions of the
rear tyres.
In fact, the hydraulic circuit which controls the locking of the differential
is able to set only the magnitude of the normal force p applied to the clutch
surfaces. The friction torque Tf depends non trivially on p, since its ex-
pression changes, depending on whether the differential is locked or slipping
(Fig. 4.7).
If the differential is slipping, Tf is proportional to the normal force p
Tf = kcp sign (Ω21 − Ω22) , (4.31)
where kc is a constant depending on the constructive features of the differ-
ential, such as number and dimension of the discs of the clutch and kinetic
friction coefficient between the discs.
On the contrary, in locked condition |Tf | can take any value ranging from
zero up to a certain limit Tfmax ≥ 0, which is proportional to the magnitude
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of the hydraulic clutch force p
|Tf | ≤ Tfmax = ksp, (4.32)
where ks is a constant depending on the constructive features of the differ-
ential, such as number and dimension of the discs of the clutch and static
friction coefficient between the discs. The actual value of Tf can be obtained
on the basis of the equilibrium equations of the rear tyres, and hence it de-
pends on the longitudinal forces and brake torques acting on the tyres. In
fact, in locked condition Ω21 = Ω22 and Ω˙21 = Ω˙22. By subtracting first
from second equation in (4.28) we obtain
Tf =
(









An electronically controlled limited-slip differential can operate in three
different modes (or states): a “locked” condition, in which rear wheels rotate
at the same angular velocity, and two “slipping” conditions, depending on
what wheel rotates faster. A finite-state machine with three states, repre-
senting the three operation modes of the differential, is therefore needed in
order to describe the dynamics of the rear axle (see Fig. 4.8). The transitions
between the operation modes of the differential correspond to the transitions
between the states of the finite-state machine. Transitions are taken when-
ever some guard expressions become true. These guard expressions involve
the values of the rear tyres angular velocities, the values of the longitudinal
forces and brake torques acting on the rear tyres and the magnitude of the
normal force p applied to the clutch surfaces. The finite-state machine is
composed by the following states.
- First state: slipping condition with Ω22 > Ω21. The dynamics of the
rear axle is represented by means of equations (4.28), where the friction
torque is
Tf = −kcp.
Whenever the angular velocities of the rear tyres become nearly equal,
the transition to the third state (locked mode) occurs. The condition
which causes the transition to the locked state is
|Ω22 − Ω21| < ε,
where ε is a very small positive quantity.
100 Vehicle model with controlled differential
- Second state: slipping condition with Ω22 < Ω21. The dynamics of
the rear axle is represented by means of equations (4.28), where the
friction torque is
Tf = kcp.
Whenever the angular velocities of the rear tyres become nearly equal,
the transition to the third state (locked mode) occurs. Also in this
case, the condition which causes the transition to the locked state is
|Ω22 − Ω21| < ε.
- Third state: locked condition. In this mode, it is possible to consider
that Ω21 = Ω22 and Ω˙21 = Ω˙22. By adding first to second equation in
(4.28), it is straightforward to obtain the following equilibrium equa-
tion which describes the dynamics of the locked rear axle
(2Ja + Jt)Ω˙ =
Te
τ
− (Fx21 + Fx22)R2 − (Mb21 +Mb22). (4.34)
In the above equation, Ω = Ω21 = Ω22 is the angular velocity of the













It is noticed that, during simulations, it is necessary to verify at any
time-step the relationship |Tf | ≤ ksp. The state of the differential
changes whenever |Tf | becomes higher than its maximum allowed value
ksp. The transition occurs from the locked state to one of the two
slipping states depending on the sign of the friction torque Tf : Tf < 0
causes a transition to the first state, while Tf > 0 causes a transition
to the second state.
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Figure 4.8: Finite-state machine representing the dynamic behaviour of the
rear axle.
4.5 State-space form of the equations of motion
On the basis of the relations presented in the previous sections, it is possible
to obtain the state-space formulation of the equations which describe the
vehicle motion.
The state variables of the vehicle model are the forward speed u, the
lateral speed v, the yaw rate r and the four angular velocities Ωij , while
the input variables are the steer angle δ, the four brake torques Mbij , the
hydraulic clutch force p and the gas pedal position ψ. It may be help-
ful to remember that the engine torque Te depends on the engine speed
Ωe = (Ω21 +Ω22)/(2τ) and on the gas pedal position ψ.2
Depending on whether the differential is slipping or locked, the follow-
ing non-linear first order differential equations describe the dynamics of the
vehicle model.
2If the presence of the gearbox is explicitly considered, an additional input will be
represented by the actual gear ratio selected by the driver, which influences the value of
the gear ratio τ between the flywheel and the differential case.
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- Slipping conditions: on the basis of equations (4.1), (4.16) and (4.28),











































As explained in the previous section, in the above equations the ex-
pression of the friction torque Tf is
Tf = kcp sign(Ω21 − Ω22).
- Locked conditions: the model is governed by the system made up of








− (Fx21 + Fx22)R2 − (Mb21 +Mb22)
]
, (4.37)
where Ω = Ω21 = Ω22.
The vehicle model is now fully defined. Once the time histories of the
input variables are assigned, the above equations can be solved for the un-
known sate variables u(t), v(t), r(t), Ωij(t).
4.6 Results from simulations
The mathematical model of the rear axle, described in the previous sections,
is able to faithfully simulate the dynamic behaviour of a real controlled
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limited-slip differential in both locking and slipping conditions and to suit-
ably manage the transitions between these conditions.
As an example, Figures from 4.9 to 4.12 show results of a simulated
steering wheel step input manoeuvre in power-on conditions with repeated
transitions between locked and slipping modes of the differential. The steer-
ing wheel step input occurs 1.5 seconds after the beginning of the simulation.
The turn considered is in the leftwards direction, which means δ > 0. There-
fore, the wheels identified by the indices ij, with j = 1, are the inner wheels,
while the wheels with j = 2 are the outer ones.
The simulation was done by means of a vehicle model, which was derived
from the model here described to be employed during the research activity
carried out in cooperation with Ferrari S.p.a. Therefore, all the parameters
defining the model are typical of a F1 race car. For this reason, no numerical
values are shown on the ordinates of figures presented.
The simulation can be divided into the following different phases.
- In the first phase of the manoeuvre, up to time 1.5 s, the path of the
vehicle is rectilinear. The differential is locked, since Ω21 = Ω22. Even
if the hydraulic clutch force p, and therefore Tfmax = ksp, are high, the
friction torque Tf is zero and the rear longitudinal forces are equal:
Fx21 = Fx22 .
- After time 1.5 s the turn begins. Up to time 4 s, the hydraulic clutch
force p is kept high and the differential is locked. Accordingly, the
following relations hold: |Tf | < Tfmax = ksp and Ω21 = Ω22. Since
the rear outer wheel (ij = 22) would tend to rotate faster, the dif-
ferential transmits a higher torque to the rear inner wheel (ij = 21).
Accordingly, Fx21 > Fx22 .
- After time 4 s the hydraulic clutch force p decreases and the differential
state switches to the slipping condition, in which |Tf | = Tfmax = kcp
and Ω21 < Ω22. Therefore, also in this condition the following relation
holds: Fx21 > Fx22 .
3
- At time 8 s the hydraulic clutch force p decreases to zero and therefore
the differential becomes open. It remains in such a condition up to
3In this simulation the approximate assumption ks = kc was made. Such an hypothesis
may be considered realistic, since in practice the static and kinetic friction coefficients
between the clutch discs are almost equal.
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time 11 s. The friction torque Tf is zero and traction forces acting
on the rear wheels are almost equal: Fx21 ' Fx22 . Accordingly, the
difference between the angular velocities of the rear wheels increases
(see Figures 4.11 and 4.12).
- Finally, at time 11 s the hydraulic clutch force p increases up to a high
value and the differential state switches again to the locked condition,
in which |Tf | < Tfmax = ksp and Ω21 = Ω22. Also in this case the
rear outer wheel (ij = 22) would tend to rotate faster. Therefore, the
differential transmits a higher torque to the rear inner wheel (ij = 21),
thus allowing for the following relation: Fx21 > Fx22 .
The vehicle model described in this chapter was employed to simulate in-
teresting dynamic manoeuvres. Results derived from simulations were com-
pared with experimental results, obtained in the same manoeuvres by means
of telemetry, showing a good agreement.
Simulations were used to deeply understand the effects of controlled
limited-slip differentials on vehicle dynamics during corners. This analysis
represented the basis for the definition and the implementation of suitable
strategies in controlling limited-slip differentials.
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Figure 4.9: Magnitude of the friction torque |Tf | and maximum allowed value
Tfmax in a simulated steering wheel step input manoeuvre with repeated
transitions between locked and slipping modes of the differential.
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Figure 4.10: Rear longitudinal forces Fx21 and Fx22 in a simulated steering
wheel step input manoeuvre with repeated transitions between locked and
slipping modes of the differential.
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Figure 4.11: Rear angular velocities Ω21 and Ω22 in a simulated steering
wheel step input manoeuvre with repeated transitions between locked and
slipping modes of the differential.











Figure 4.12: Rear angular velocities Ω21 and Ω22 in a simulated steering
wheel step input manoeuvre with repeated transitions between locked and
slipping modes of the differential. Zoom of the central part of Fig. 4.11.
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4.7 Conclusions
In this chapter a vehicle model is described, which is able to represent the ba-
sic aspects of the dynamics of rear-wheel drive vehicles fitted with electroni-
cally controlled limited-slip differential under both steady-state and transient
conditions (power-on, power-off and braking manoeuvres). Such a model is
particularly useful in order to investigate the directional behaviour of this
kind of vehicles.
A great attention is focused in developing a mathematical model for the
rear driving axle. In fact, owing to the discontinuous characteristic, which
is typical of a controlled limited-slip differential, a finite-state machine is
needed in order to model the dynamic behaviour of the rear axle. Each state
of this machine represents a particular operation mode of the differential: a
locked mode, in which rear wheels rotate at the same angular velocity, and
two slipping modes, depending on what wheel rotates faster.
As shown by simulated results, the model obtained is able to simulate
the dynamic behaviour of a real controlled limited-slip differential in both
locking and slipping conditions and to manage the transitions between these
conditions.
The vehicle model was employed to simulate some dynamic manoeu-
vres and results derived from simulations were compared with experimental
results obtained in the same manoeuvres. The good agreement between
simulated and experimental results allowed the model validation.

